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ABSTRACT: The middepth ocean temperature profile was found by Munk in 1966 to agree with an exponential profile
and shown to be consistent with a vertical advective–diffusive balance. However, tracer release experiments show that
vertical diffusivity in the middepth ocean is an order of magnitude too small to explain the observed 1-km exponential
scale. Alternative mechanisms suggested that nearly all middepth water upwells adiabatically in the Southern Ocean (SO).
In this picture, SO eddies and wind set SO isopycnal slopes and therefore determine a nonvanishing middepth interior
stratification even in the adiabatic limit. The effect of SO eddies on SO isopycnal slopes can be understood via either a
marginal criticality condition or a near-vanishing SO residual deep overturning condition in the adiabatic limit. We examine
the interplay between SO dynamics and interior mixing in setting the exponential profiles of s2 and zs2. We use eddy-
permitting numerical simulations, in which we artificially change the diapycnal mixing only away from the SO. We find that
SO isopycnal slopes change in response to changes in the interior diapycnal mixing even when the wind forcing is constant,
consistent with previous studies (that did not address these near-exponential profiles). However, in the limit of small inte-
rior mixing, the interior zs2 profile is not exponential, suggesting that SO processes alone, in an adiabatic limit, do not
lead to the observed near-exponential structures of such profiles. The results suggest that while SO wind and eddies
contribute to the nonvanishing middepth interior stratification, the exponential shape of the zs2 profiles must also
involve interior diapycnal mixing.
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1. Introduction

A balance between upward advection of cold water and
downward diffusion of heat was shown by Munk (1966) to be
consistent with the near exponential vertical structure of tem-
perature profile in the middepth Pacific Ocean. In this scenario,
some 20 Sv (1 Sv ≡ 106 m3 s21) of deep water formation at high
latitudes returns to the surface via uniform upwelling, balanced
by a vertical diffusivity as large as 1024 m2 s21, leading to the
observed 1-km exponential depth scale. However, tracer release
experiments showed that the actual vertical mixing in the inte-
rior middepth ocean is an order of magnitude smaller, while
much stronger mixing is observed near the ocean bottom and
boundaries (Ledwell et al. 1993; Polzin et al. 1997), due to tidal
forcing and breaking of internal waves near topography (Wunsch
and Ferrari 2004).

It was therefore suggested by Miller et al. (2020) that a
Munk-like balance in strong-mixing boundary regions, with a
large vertical velocity and large diapycnal mixing there, can
lead to the observed 1-km scale of the middepth (1–3 km)
temperature profiles, which is then communicated to the inte-
rior via horizontal eddy mixing, as was also suggested by
Munk and Wunsch (1998). While the Munk idea was based

on assuming that the vertical mixing coefficient and upwelling
are constant in the vertical, Tziperman (1986) showed, and
Miller et al. (2020) verified, that the near-exponential poten-
tial density profile is, in fact, not sensitive to modest vertical
variations in these two variables.

This observed boundary enhancement of vertical mixing
also inspired studies of such mixing on the overturning circu-
lation (Samelson 1998; Scott and Marotzke 2002). These stud-
ies showed that upwelling is concentrated where vertical
mixing is enhanced, instead of being uniform over the global
ocean. In related research, Ferrari et al. (2016) found that
sloping boundaries and enhanced bottom mixing lead to en-
hanced upwelling near the boundaries and possibly to downw-
elling in the interior. Mashayek et al. (2015) found that the
stratification vertical length scale varied only by about a factor
of 2 in the middepth range above the abyssal layer where ver-
tical mixing is bottom-intensified, implying that the middepth
stratification profile is approximately exponential with a length
scale of about 1 km.

An alternative approach that has been suggested for ex-
plaining the existence of a nonvanishing middepth stratifica-
tion relies on Southern Ocean (SO) eddies rather than on
vertical mixing. The Southern Ocean is dynamically special in
that it is unblocked by meridional continental boundaries
above the sill depth. Therefore, no geostrophic meridional
flows are allowed above the sill because no zonal pressure
gradient can be sustained without solid meridional bound-
aries. This means the northward Ekman transport induced by
the westerlies above the Southern Ocean can only be returned
southward below the sill depth, geostrophically, or in the
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bottom boundary layer. This wind-induced overturning is ex-
pected to meridionally steepen the isopycnal surfaces in the
SO. The baroclinic instability associated with these sloping
isopycnals generates eddies that act to flatten the isopycnals.
The competition between the wind forcing and eddies in the
Southern Ocean, therefore, results in sloping isopycnals.
These sloping isopycnals map the surface density distribution
in the SO to a vertical distribution at the northern boundary
of the SO, which is the southern boundary of the interior (by
“interior” we mean north of the SO and away from far north
convection sites), setting the interior middepth stratification
that way (Vallis 2000; Wolfe and Cessi 2010; Nikurashin and
Vallis 2011). In the Munk picture, the middepth stratification
vanishes in the limit of vanishing vertical mixing. When these
SO eddy dynamics are taken into account, the middepth strat-
ification does not vanish even if the overturning circulation is
adiabatic and the interior diabatic diffusivity is neglected. In
this adiabatic limit, the MOC return flow to the surface occurs
along sloping isopycnals in the SO (Vallis 2000; Wolfe and
Cessi 2010; Nikurashin and Vallis 2011). However, it has been
pointed out by Miller et al. (2020) that the middepth profile of
potential density in numerical simulations performed at this
limit is not exponential. Nikurashin and Vallis (2011) pointed
out that in the presence of large vertical diffusion, the stratifi-
cation is determined by the Munk balance rather than by the
SO wind and eddies. They do not discuss the issue of expo-
nential stratification, and also suggest that this regime may be
relevant to the abyssal stratification rather than the middepth
one.

The idea that eddies strongly influence isopycnal slopes is
of critical importance for the above studies showing how ed-
dies can lead to a nonvanishing middepth interior stratifica-
tion in the adiabatic overturning picture, and two mechanisms
were proposed to explain the relation between eddies and iso-
pycnal slopes more generally. One involves the idea of mar-
ginal criticality, also referred to as eddy saturation, and the
other of a fully compensated SO deep residual circulation,
and both are discussed below. In the adiabatic limit in which
the SO eddies are strong and the interior diapycnal mixing is
weak, both of these mechanisms lead to isopycnal slopes in
the SO that depend only on the SO winds and eddy dynamics.
This means that the middepth ocean stratification north of the
SO is then fully determined by the SO wind, eddies, and SO
surface buoyancy distribution in the limit of weak interior ver-
tical mixing (Jansen and Ferrari 2012). These idealized limits
are useful extreme states which we examine in this paper to
identify their relation to the observed interior near-exponential
middepth profiles of s and zs.

The first idea is that slopes are at the so-called marginal
criticality (Stone 1978; Jansen and Ferrari 2012, 2013a,b). At
marginal criticality, larger slopes, which can be a result of
changes in external forcing, would lead to eddy formation
via baroclinic instability, drawing available potential energy
(APE) from the mean slopes, and therefore flattening them
back to the original state of marginal criticality. This is equiv-
alent to saying that the mean state of the system does not re-
spond to changes in the exterior forcing, such as surface wind
stress. This marginal criticality may be diagnosed via the ratio

between the Rhines scale and the deformation radius (Jansen
and Ferrari 2012), or via the ratio between the potential vortic-
ity gradient due to layer thickness variations and the b effect
(Jansen and Ferrari 2013a). If eddies are sufficiently efficient in
drawing APE from the mean slopes and thus maintain a state
whose criticality is approximately one, isopycnal slopes are in-
dependent of changes in the external forcing, such as wind and
interior diapycnal mixing. However, it has been suggested that
ocean eddies are not expected to be sufficiently effective in this
sense, and slopes are therefore not necessarily at marginal criti-
cality (Jansen and Ferrari 2012). An equivalent view of this
marginal criticality idea is that of eddy saturation: as SO winds
get stronger the isopycnal slopes stop responding at some point
due to the effect of ocean eddies that keep the slopes at satura-
tion (Munday et al. 2013).

The second way to view the role of eddies in affecting SO
isopycnal slopes is that eddies set these slopes via buoyancy
advection that is opposite and nearly equal to the mean ad-
vection driven by the wind-driven overturning. This implies
that the SO residual circulation (nearly) vanishes, and it was
shown that isopycnal slopes are then determined by a balance
between SO wind forcing and eddies (Gnanadesikan 1999;
Marshall and Radko 2003; Wolfe and Cessi 2010; Nikurashin
and Vallis 2011). It has also been shown that the SO deep
residual circulation is expected to vanish in the limit of zero
interior diffusivity and in the absence of surface buoyancy
forcing in the SO (Marshall and Radko 2003). In this limit,
SO eddies and winds would be setting the SO isopycnal slopes
and therefore the interior middepth ocean stratification with-
out contribution by other physical processes away from the
SO. Wolfe and Cessi (2011) showed in eddy-resolving numeri-
cal simulations that as the interior diffusivity vanishes, the deep
residual circulation in the SO indeed nearly vanishes. On the
other hand, the residual overturning and eddy activity in the
SO (and therefore the equivalent GM coefficient; Gent and
McWilliams 1990) have been found to be sensitive to changes
in vertical mixing in idealized GCM simulations (Munday et al.
2013).

We can summarize the role of the SO residual circulation
identified in previous studies as follows. Wolfe and Cessi
(2010) found that the dynamics of the SO are nearly adiabatic
beneath the surface layer, and that a middepth interior ocean
stratification can exist even with a vanishing interior vertical
diffusivity. Similarly, Nikurashin and Vallis (2011) found that
for weak diapycnal interior mixing typical of the middepth
ocean, the middepth overturning circulation and stratification
are primarily controlled by the wind and eddies in the SO
channel, with diapycnal mixing playing a minor role. In the
limit of weak diapycnal interior mixing, the interior stratifica-
tion, therefore, does not vanish and is determined by the SO
winds and eddies (as represented by the GM coefficient).

In this paper, we accept the above premise that the SO
wind and eddies allow for a nonvanishing middepth stratifica-
tion in the limit of weak interior diapycnal mixing. We show
using the WOCE dataset (Gouretski and Koltermann 2004)
that the observed interior middepth s2 profiles agree well
with their exponential fits. For an actually exponential profile,
the scale of the exponential could be estimated as s2,z/s2,zz
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(Mashayek et al. 2015). We also show that the agreement
between vertical derivatives of s2 and corresponding expo-
nential fits deteriorates with higher orders of derivatives used,
and that the fits then tend to have different vertical length
scales. This is consistent with the view we adopt here that the
observed stratification is “near-exponential” rather than
exactly so. We then show, though, that for this potential den-
sity profile to be near-exponential, as robustly observed (Munk
1966; Miller et al. 2020), diapycnal ocean mixing is necessary
and should not be ignored. Throughout this paper, the term
“exponential” or “near-exponential” refers to a good agreement
of the profile of potential density or its vertical derivative to an
exponential fit.

We use numerical eddy-permitting simulations to show
that the Southern Ocean isopycnal slopes and thus the
near-exponential interior profiles of s2 and zs2 are influ-
enced by the interior vertical diffusivity. The SO wind and
eddies cannot determine the near-exponential interior zs2

profile independently of processes in the ocean interior
north of the SO. For this purpose, we change values of the
diapycnal diffusivity ky only north of the SO channel, in a
range of small to unrealistically large values, to study the
possible response of the SO isopycnal slopes to changes in
the interior basin diapycnal mixing (section 3b). We find
that both isopycnal slopes and eddy activity in the SO, as
reflected in measures of both the marginal criticality and
residual circulation there, respond to changes in the interior
mixing. Miller et al. (2020) used coarse-resolution simulations
and focused on the equivalence between the boundary-intensified
vertical mixing and a uniform strong vertical mixing in making
the middepth ocean profile of potential density and its vertical

derivative nearly exponential. On the other hand, the present
work uses eddy-permitting simulations to directly evaluate the
response of SO eddies to changes in interior vertical mixing.
Furthermore, we do not consider a “realistic” boundary-
intensified spatial distribution of vertical mixing but focus
on the interaction of SO dynamics, interior vertical mixing
and middepth stratification.

This paper is organized as follows. We describe the experi-
mental designs in section 2. Results are presented in section 3
which is further divided into a discussion of the middepth
profiles of s2 and zs2 (section 3a), and the response of
the Southern Ocean to changes in interior vertical mixing
(section 3b). We discuss marginal criticality and residual
circulation in section 4, and we conclude in section 5. The
term “stratification” in this paper refers to the vertical distri-
bution of density in the ocean, as quantified by either s2 or
zs2 profiles. The square of the Brunt–Väisälä frequency will
be referred to asN2.

2. Model configuration

We use an idealized configuration of the Massachusetts
Institute of Technology General Circulation model (MITgcm;
Marshall et al. 1997). The idealized geometry and bathymetry
of our simulations shown in Fig. 1d are motivated by the
course-resolution simulations used by Nikurashin and Vallis
(2011, 2012) and Miller et al. (2020), and the eddy-permitting
configurations used by Wolfe and Cessi (2010, 2011).

This domain ranges from 608S to 608N, with a re-entrant
channel between 608 and 408S. In the channel, there is a
smoothed sill at a depth of 3 km. This sill guarantees that the
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FIG. 1. The model configuration. (a) SST restoring profile; (b) SSS restoring profile; (c) zonal wind stress; (d) colors:
bathymetry (km).
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transport of the circumpolar current is within a realistic range
(∼100 Sv), and it is smoothed to avoid spurious numerical
noise in the vertical velocity that may influence stratification,
which is the focus of this paper. Otherwise, the bathymetry is
flat at a depth of 4.2 km. The horizontal resolution is 0.28 3 0.28,
and we use 51 vertical layers in total, whose thicknesses range
from 5 m near the surface to 125 m near the bottom. Although
it would be interesting to investigate the exponential profile
issue using a realistic World Ocean configuration, we use the
above idealized geometry to be able to compare and contrast
our results to those of the above cited papers which dealt with
the middepth stratification. We use a narrow basin that is only
208 wide to limit the computational cost, due to the relatively
high horizontal resolution used here.

The model is forced at the surface by restoring to longitude-
independent temperature and salinity fields using a restoring
time scale of 10 days, and with a zonal wind stress profile
(Figs. 1a–c). Having both temperature and salinity allows us to
use a realistic equation of state. Yet, because we choose the sur-
face temperature and salinity profiles and their restoring times
to be identical for simplicity, the two components do not repre-
sent independent degrees of freedom as in the real ocean, and
their interior distributions are very similar. The model parame-
ters that are identical for all cases include a horizontal harmonic
viscosity (Ah = 10 m2 s21), horizontal biharmonic viscosity
(A4 = 1.5 3 1010 m4 s21), vertical viscosity (Ay = 1024 m2 s21),
horizontal biharmonic diffusivity (k4 = 1.53 1010 m4 s21), and a
linear bottom drag coefficient (rb = 2 3 1024 s21). These
parameters are summarized in Table 1. We use a nonlinear
equation of state, following Jackett and McDougall (1995).
Considering the high-resolution used here, mesoscale ed-
dies are at least partially resolved (a snapshot is shown in
Fig. S1 in the online supplemental material), and the Gent
and McWilliams (1990) scheme is therefore not used. The
grid spacing is approximately 14 km in the channel (at 508S)
and is comparable to the simulated (and observed) deformation
radius there, implying that our resolution in only marginal for
resolving eddies in the SO. Diapycnal mixing and convection
are represented using the K-profile parameterization scheme
(Large et al. 1994), and we use the third-order direct space time
(DST) flux limiter for advection (33 in MITgcm).

We focus on the effect of vertical mixing in the domain
away from the SO, north of 408S, on the middepth stratifica-
tion and SO eddies. Therefore, the vertical diffusivity parame-
ter in the Southern Ocean itself is unchanged from its control
value (1025 m2 s21) for all cases. We use a series of values
for this vertical diffusivity north of the channel: 1025, 1024,
2 3 1024, 4 3 1024, 6 3 1024, 8 3 1024, and 1023 m2 s21. The
value of ky varies linearly between the SO channel and the in-
terior over a 58 wide latitudinal range north of 408S (Table 2).
The vertical diffusivity north of the channel is uniform instead

of having the boundary-intensified distribution as used by
Miller et al. (2020). This uniform value is meant to represent
the global effect of vertical mixing processes in the ocean that
are observed to be enhanced near the ocean bottom and
rough topography. The choice to only change vertical diffusiv-
ity north of the channel is artificial, of course, because ky is
affected by the strength of the interactions of tidal forcing and
internal waves with topography in the ocean (Wunsch and
Ferrari 2004) and is not expected to necessarily be small in
the SO itself. We also explore a range of ky that is unrealisti-
cally large. In both cases, these design choices are due to our
desire to identify the effects of diapycnal mixing north of the
SO on stratification and eddies within the SO. Munday et al.
(2011) has used similar model configurations to study how
changes in ky away from the SO can influence the Antarctic
Circumpolar Current (ACC) transport via a global adjustment
of pycnocline depths.

We run the simulations until a statistical steady state is
reached (time series of layerwise-averaged temperature and
salinity converge) and then run the model for 20 more years.
The temporally averaged model variables (T, S, velocities)
are calculated using model output from these last 20 years.
Nonlinear terms in the s2 budget and the eddy kinetic energy
budget are averaged using bidaily data over the last 10 years.

3. Results

This section is divided into two parts: the response of mid-
depth stratification to changes in interior vertical diffusivity is
discussed in section 3a and the response of Southern Ocean ed-
dies in section 3b. In section 3a we show that the quality of ex-
ponential fits to the vertical profiles of potential density and
their vertical derivative improves with an increasing interior
vertical diffusivity ky. At the same time, isopycnal slopes in the
SO increase and SO eddy activity strengthens as the interior ky
increases. We explain that this suggests that SO eddies are not
able to maintain the SO isopycnal slopes at marginal criticality,
which we later use to discuss the processes responsible for the
middepth interior ocean stratification. We then explain the
eddy response by analyzing the Eady growth rate and the eddy
kinetic energy in the Southern Ocean (section 3b).

TABLE 1. Numerical parameters.

Ah A4 Ar k4 rb

10 m2 s21 1.5 3 1010 m4 s21 1024 m2 s22 1.5 3 1010 m4 s21 2 3 1024 s21

TABLE 2. Summary of the numerical simulations.

Case No. Code name Interior ky

1 Control 1025

2 ky 3 10 1024

3 ky 3 20 2 3 1024

4 ky 3 40 4 3 1024

5 ky 3 60 6 3 1024

6 ky 3 80 8 3 1024

7 ky 3 100 1023
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a. Middepth stratification

As the vertical diffusivity in the interior is increased, the
middepth ocean gets warmer and therefore lighter as more
heat diffuses downward (Figs 2 and Fig. S2). In Fig. 2, 20 iso-
pycnals that both outcrop in the SO channel and exist at mid-
depth at 408S are plotted (solid black lines). It is clear that the
slopes of these isopycnal surfaces in the SO become steeper
as the interior ky is increased. With stronger downward heat
diffusion, the interior warms and isopycnals corresponding to
larger density move downward (Munday et al. 2011). For SO
isopycnals to be able to link the interior density distribution
to the prescribed surface density distribution at the surface of
the channel, these SO isopycnals must be steeper in the higher
interior diffusivity runs. At the same time, the SO surface also
becomes lighter (Fig. 3c). This will partly counteract the
steepening effect discussed above. The net effect of these

two mechanisms is steeper isopycnal surfaces in the southern
channel (Figs. 3a,b). Figures 2 and 3a clearly show that the
slopes of the isopycnal surfaces that connect the surface of the
southern channel and the southern boundary of the interior
basin between 1- and 3.5-km depth are systematically steeper
as the interior ky is increased. However, the slopes of the
densest isopycnal surfaces are comparable in these simula-
tions, because these SO isopycnals which reach the ocean
bottom at the northern end of the ACC outcrop near the
southern boundary of the model domain, scaling these slopes
to be approximately 2H/l (l is the width of the channel and
H is the depth of SO). The steepening of the isopycnals in
response to changes in interior vertical mixing has also been
found by Baker et al. (2021). In their work, they used a double-
basin coarse-resolution configuration and increased vertical
mixing only in the wide basin (Pacific-like). In our work, on the
other hand, the diffusive upwelling occurs in the basin where
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FIG. 2. Colors: zonally averaged s2 south of 158S. Black contours: 20 isopycnal surfaces that originate from the surface of the southern
channel. Gray dashed line: bottom of the surface mixed layer, calculated by the K-profile parameterization package. (a) Control case with
vertical diffusivity denoted ky, (b) ky 3 10, (c) ky 3 20, (d) ky 3 40, (e) ky 3 60, (f) ky 3 80, and (g) ky 3 100.
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deep water formation happens as well due to our choice of a
single basin configuration.

The criticality parameter can be defined as j ≡ fs/bH, where
f = 2V sinu is the Coriolis parameter, b is the meridional gra-
dient of f, s is the isentropic or isopycnal slope, and H is the
depth of the isopycnal layer in the ocean. In the atmosphere,
the isentropes that intersect with the surface in the tropics
reach the top of the troposphere near the poles, implying a
state of marginal criticality (j ≈ 1; Jansen and Ferrari 2013a).
Such a conclusion cannot be drawn for the Southern Ocean in
our simulations: the response of the isopycnal slopes in the
Southern Ocean to interior ky changes implies that SO eddies
are not sufficiently efficient to maintain a state of marginal
criticality, consistent with Jansen and Ferrari (2012). In fact,
we find that the SO in our simulations is in a supercritical state
and criticality increases as interior ky increases (appendix B,
Fig. S3).

The averaged interior vertical profiles shown in this section
are calculated between 308S and 308N, and in regions that are
at least three degrees away from the western and eastern
boundaries. Figure 4 shows the averaged interior vertical
profiles of s2 output by the model (solid blue lines) and the
corresponding exponential fit (dashed red lines) calculated
between 1 and 3.5 km depth. The errors in the exponential
fit of the profiles of s2 are small even in the limit of small in-
terior ky (control case). At the same time, the exponential
decay scale (Lexp) decreases for stronger vertical mixing,
consistent with Munk (1966). It is also noted that Lexp is in a
range that agrees with the observed 1 km scale in simula-
tions where ky is large, 10

24 or 2 3 1024 m2 s21.
However, the quality of the exponential fit to the profiles of

zs2 is poor at low vertical mixing values and improves con-
siderably for stronger vertical mixing values (Fig. 5). The

fitted profile of zs2 is almost a constant in depth [having an
exponential depth scale of O(104) km for a fit between 1- and
3.5-km depth range] in the control simulation. The zs2 pro-
file itself indeed does not show an exponential shape in this
case but rather is wiggly. To quantify how well the exponen-
tial fits agree with the model output, we define the relative
error between these two profiles as

r �

���������������������������������������������∑
k

[zs̃2(k) 2 zs̃2,exp(k)]2dZ(k)∑
k

zs̃
2
2dZ(k)

√√√√√√√
, (1)

in which k is the vertical model level index, zs2 is calculated
from the model output, zs2,exp is that from the exponential
fit, and dZ(k) is the thickness of the kth model layer. The
symbol (˜) refers to the vertical profile with the vertical mean
(weighted by layer thickness) removed [e.g., s̃2 ≡ s2 2 s2,avg,
where s2,avg �

∑
ks2(k)dZ(k)/

∑
kdZ(k)]. The r values are given

in Fig. 5. We observe a steady improvement of the agreement
between the model output profile and the exponential fit,
as interior ky is increased. The significant deviation of the
zs2 profile from the exponential fit in the control (low diffu-
sivity) case may be explained by the middepth thermostad at
about 1-km depth due to the deep-water formation in the
northern high-latitude regions (Fig. S2a). As interior vertical
diffusivity is enhanced, this thermostad is eroded, giving rise
to an interior profile closer to an exponential shape. The
narrowness of the basin results in relatively weak overturning
circulation (Fig. S5) and therefore a small zonal isopycnal sur-
face tilting. This means that horizontal averages in our simula-
tion involve similar density ranges at different horizontal
positions. This makes the thermostad more prominent in the
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FIG. 3. (a),(b) The averaged isopycnal slopes, calculated using the 20 isopycnal surfaces that outcrop in the SO channel and exist
between 1- and 3.5-km depth at 408S (in other words, relevant to interior middepth ocean stratification). (a) Averaged slopes for the
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horizontal averages and therefore the vertical profile in the
low diffusion case farther from an exponential.

We find that the vertical scale of the interior averaged pro-
files of s2 compares better with the 1-km scale derived from
observed temperature profiles in Munk (1966) than zs2 pro-
files, for all ky values. In this paper, we are comparing vertical
profiles of s2 and zs2 instead of temperature, considering the
nonlinear equation of state. In observations, the vertical scales
of zs2 profiles are also systematically smaller than the 1-km
scale (Fig. S8), consistent with our simulations.

The agreement between s2 or zs2 profiles and exponential
fits in simulations using enhanced interior vertical diffusivity
is consistent with the quality of exponential fits to observed
profiles (Figs. S7 and S8). We also show in the supplemental
material that the fitted length scales of the s2 and the zs2

profiles are not necessarily identical, implying that such pro-
files are only nearly exponential.

Munk (1966) assumed a temperature budget between up-
ward mean flow advection and downward diffusion with
ky ∼ 1024 m2 s21, while Wolfe and Cessi (2010) found that
horizontal eddy transport played a dominant role in this
budget in the limit of small vertical diffusivity. The s2 budget is

calculated here based on the temperature and salinity budgets
at steady state,

uH · ∇HC 1 wzC 1 v′ · ∇C′ � 2k4∇4C 1 Vert diff: (2)

In this equation, C is the temperature or salinity, ( · ) stands
for a time average, and (·)′ is a deviation from the time aver-
age. The symbol uH denotes the horizontal velocity vector,
v is the 3D flow field vector, and w is the vertical velocity. The
terms ∇H and ∇ are the horizontal and 3D gradient operators,
respectively. Last, 2k4∇4C and “Vert diff” terms are model
horizontal and vertical diffusion terms due to parameterized
eddy diffusion in the horizontal direction (biharmonic) and
parameterized small-scale turbulent mixing in the vertical di-
rection. The corresponding terms in the s2 budget are calcu-
lated based on the temperature and salinity budget following
the chain rule applied to the nonlinear equation of state (e.g.,
the zonal advection term uzs2 ≡ Ts2uxT 1 Ss2uxS). We
use this chain rule instead of directly evaluating the terms in
the s2 budget, because temperature and salinity are conserved
by the model and therefore their budgets are closed. The ver-
tical profiles of each term in the s2 budget are shown in Fig. 6.
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FIG. 4. Exponential fit of the vertical profiles of s2 averaged between 308S and 308N, 38 from the western and the eastern boundaries.
The fit coefficients are calculated between 1- and 3.5-km depth. Red dashed line: exponential fit; Lexp: exponential decay depth scale.
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In the limit of small interior diffusivity (Fig. 6a, control
case), the dominant balance in the s2 budget is between verti-
cal mean flow advection (red line) and eddy advection (cyan
line), in which the horizontal components are dominant (not
shown). The vertical diffusion term (dashed green line) only
plays a minor role with sign changes in the vertical direction.
This dominant balance is consistent with Wolfe and Cessi
(2010). When the interior ky is larger, the dominant balance
becomes between vertical mean flow advection and explicit
vertical diffusion, again consistent with Munk (1966). How-
ever, the two terms never perfectly balance each other even
in the ky 3 100 case, where ky is as unrealistically large as
1023 m2 s21, and their residual is still balanced by a nonnegli-
gible horizontal eddy density transport. In the cases using
large values of interior ky (starting from the ky 3 10 case), the
near-bottom s2 budget shows a dominant balance between
horizontal mean flow advection and explicit vertical diffusion.
A similar balance has been discussed by Mashayek et al.
(2015) where it is related to an abyssal layer whose isopycnals
intersect the flat bottom nearly vertically.

In summary, we have so far shown that the isopycnal slopes
in the Southern Ocean channel do respond to changes in ver-
tical diffusivity in the interior, even though the surface wind
forcing is held constant in all the simulations. This is consis-
tent with the results, in the limit of strong vertical mixing, of
Nikurashin and Vallis (2011, 2012), who did not address the
issue of the near-exponential vertical structure of middepth
ocean stratification that is our focus. Thus, SO wind and ed-
dies cannot set these slopes independently of interior vertical
mixing when this vertical mixing is strong. The profile of s2

agrees well with its exponential fit even when the interior ky is
very weak. However, the quality of the exponential fit of zs2

is not as good as observed for weak vertical mixing and im-
proves as the interior ky is increased.

b. Southern Ocean response

We have pointed out that the isopycnal slopes in the South-
ern Ocean channel become steeper as the interior ky is in-
creased. Steeper isopycnal slopes imply stronger baroclinic
instability and therefore more vigorous eddy activity in the
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FIG. 5. Exponential fit of the vertical profiles of zs2 averaged between 308S and 308N, 38 from the western and the eastern
boundaries. The fit coefficients are calculated between 1- and 3.5-km depth. Blue solid line: model output, red dashed line: expo-
nential fit; Lexp: exponential decay depth scale; r: the relative error between the model output and exponential fit,

r �
�������������������������������������������������������������������∑ [zs̃2(k)2 zs̃2,exp(k)]2dZ(k)

/∑
zs̃2(k)2dZ(k)

√
. (a) Control case, (b) ky 3 10, (c) ky 3 20, (d) ky 3 40, (e) ky 3 60, (f) ky 3 80,

and (g) ky 3 100.
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channel. Eddy kinetic energy [EKE;
�����������������
(u′2 1 y ′2 )/2

√
] averaged

in different parts of the domain is shown in Fig. 7a. It is clear
that eddy kinetic energy in the channel is increasing with
the interior ky , with a smaller increase in the interior basin
(away from the SO) as well. A similar steepening of SO iso-
pycnals was explained by Munday et al. (2013) to be a result
of deeper interior isopycnals due to stronger downward
heat diffusion there. Munday et al. (2013) increased ky uni-
formly (including in the SO channel) and explored a smaller
range of ky , but their explanation holds here as well, and
this issue is briefly further explored next. The increase in
eddy kinetic energy is consistent with changes in the Eady
growth rate (Fig. 7b) and with an eddy energy production
by enhanced baroclinic instability (appendix A, Fig. S11), as
discussed in the supplemental material.

As a final approach to analyzing the change to the SO
eddies, we consider a Gent andMcWilliams (1990) type param-
eterization of the eddy-driven meridional circulation, where
the eddy-driven meridional streamfunction c* is assumed re-
lated to the isopycnal slopes Sr as c* = kGMSr (appendix C).
We calculate the eddy streamfunction and slopes and diag-
nose kGM. As the SO eddies get stronger with interior ky , the
diagnosed kGM linearly increases, with the averaged isopycnal
slope in the SO channel (Fig. S4), consistent with Visbeck
et al. (1997). This implies that it may not be appropriate to as-
sume a constant kGM in simple box models for the middepth
stratification and the related overturning circulation, and also
in low-resolution ocean simulations. Note that the calculation
of kGM in appendix C does not eliminate the effect of standing
meanders and therefore is not necessarily equivalent to a
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FIG. 6. Vertical profiles for different terms in the s2 budget (horizontal mean-flow advection 1 vertical mean-flow advection 1 eddy
advection = horizontal diffusion 1 vertical diffusion). Solid lines are for terms on the left-hand side and dashed lines are for terms on the
right-hand side. The vertical profiles are averaged from 308S to 308N, in regions at least three degrees from the western and the eastern
boundaries. Solid blue line: horizontal mean flow advection; solid red line: vertical mean flow advection; solid cyan line: eddy advection;
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(d) ky 3 40, (e) ky 3 60, (f) ky 3 80, and (g) ky 3 100.
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calculation of the same quantity from tracer fluxes and
gradients, or based on mixing length theories (Ferrari and
Nikurashin 2010).

To summarize this subsection, we find that while Southern
Ocean eddies get stronger with the interior ky , the isopycnal
flattening by eddies is not sufficiently efficient to prevent iso-
pycnal slopes from changing. The SO isopycnal slopes are
therefore still affected by the interior diapycnal mixing, and
so is the middepth interior stratification.

4. Discussion

Consider the two possible mechanisms by which SO eddies
can affect the isopycnal slopes there, as discussed in section 3b.
The wind-induced overturning steepens isopycnal surfaces,
which gives rise to baroclinic instability and eddies. These
eddies act to flatten the isopycnal surfaces by drawing APE
from the slopes, and this competition between wind forcing
and eddies will determine the slope of the isopycnal surfa-
ces. Representing eddies by the thickness diffusivity kGM

and assuming it is constant, the isopycnal slope Sr converges
to Sr = (cres 1 t x/f )/kGM (Marshall and Radko 2003). When
the wind forcing exactly balances the effect of the eddies,
the SO residual deep circulation cres vanishes, leading to a
condition on the slope magnitudes, Sr = t x/( fkGM) (Marshall
and Radko 2003). Previous work has shown that the SO resid-
ual deep circulation tends to vanish for weak interior diapyc-
nal mixing, and that, remarkably, the interior stratification (as
quantified by zs2, for example) does not vanish at this limit,
in contradiction with the Munk picture (Wolfe and Cessi 2010;
Nikurashin and Vallis 2011). However, we show that while
the interior stratification indeed does not vanish at the limit
of small diapycnal mixing, it is very far from the observed

near-exponential shape in that limit. We also calculated the
residual circulation for our different interior diffusivity runs
and found that the strength of the deep cell in the SO varies
and does not necessarily vanish [consistent with the predic-
tion of Marshall and Radko (2003)] for values of the interior
diapycnal mixing that lead to near-exponential middepth
stratification.

An alternative way to examine the role of eddies in setting
SO isopycnal slopes involves the concept of marginal critical-
ity. In this picture, as the external processes generating the
slopes (SO winds) get stronger, the SO isopycnal slopes ini-
tially steepen. The resulting stronger baroclinic instability
strengthens the eddies, draws APE from the slopes and acts to
flatten them until the slopes are back to marginal criticality
(Stone 1978; Jansen and Ferrari 2012, 2013a,b). At this point
the processes generating the slopes exactly balance the effect
of the eddies. This suggests that the slope and eddies are at
saturation and do not respond to increased external SO wind
forcing. However, we found that as we vary the interior diffu-
sivity, the Southern Ocean eddies are unable to maintain a
mean state of marginal criticality. This is consistent with the
ratio between the Rhines scale and the deformation radius
(Jansen and Ferrari 2013a) being significantly larger than one
in our simulations. The inconsistency with marginal criticality
means that the isopycnal slopes, and therefore also the mid-
depth interior stratification, are not determined by the SO
wind-eddy dynamics alone. Instead, the slopes are determined
by an interplay of both interior diffusion that adjusts the den-
sity profile in the interior and therefore also at the northern
edge of the SO, and the eddy processes striving for marginal
stability within the SO.

The above measure of criticality (Jansen and Ferrari 2012)
does not take into account dissipation. A dissipation such as
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vertical diffusivity (ky) can, in principle, shift the wavelength
corresponding to the threshold of instability (Pedlosky 1987)
as well as the critical isopycnal slope. However, our experi-
ments do not change the vertical diffusivity within the SO
itself; this means that SO baroclinic instability is not affected
by the changing vertical diffusivity and that we may be justi-
fied using an inviscid and adiabatic criticality measure. On the
other hand, the fact that we only marginally resolve eddy mo-
tions in the Southern Ocean (resolution there is about 15 km,
of the same order as the Rossby radius) can affect our quanti-
tative results for the criticality of the isopycnal slopes.

We conclude that whether we consider eddy processes from
the point of view of residual circulation or marginal criticality
in the SO, in the parameter regime corresponding to an expo-
nential middepth zs2 profile, Southern Ocean isopycnal
slopes are not determined only by eddies and winds. Instead,
SO eddies, and therefore also the isopycnal slopes there, re-
spond to changes in interior stratification as well. This means
that the communication between the Southern Ocean and the
closed basin is not one-way (SO wind and eddies affecting
middepth interior stratification) and that changes in the inte-
rior stratification also trigger responses in the Southern Ocean.
This two-way interaction is complex, yet the principle govern-
ing the final outcome is simple (Tziperman 1986): the total
mass flux across an isopycnal needs to vanish at a steady state.
For isopycnals that outcrop in the SO, the near-surface Ekman
transport is from dense water to light water. Eddy fluxes
tend to be adiabatic (along-isopycnal), yet near the surface the
vertical eddy buoyancy flux vanishes, allowing eddies to contrib-
ute to cross-isopycnal fluxes (Marshall and Radko 2003).
Together, these water mass transformations by near-surface pro-
cesses in outcropping areas of deep water need to be balanced
by vertical mixing in the ocean interior. Because the magnitude
of interior mixing depends on the ocean stratification (i.e., on
vertical derivatives of the interior density), this leads to a global
constraint on the interior middepth stratification.

One may think about the middepth stratification as being
determined by a combination of slow and fast time scales: the
SO eddies adjust the isopycnal slopes on short time scales,
and the interior diffusivity responds on a time scale of hundreds
of years, until the two are in equilibrium with each other. This
is somewhat similar to the stratification of the upper ventilated
thermocline being determined by potential vorticity conserva-
tion with the stratification specified on the eastern boundary
(Luyten et al. 1983), with this eastern boundary stratification de-
termined on a slower time scale by diapycnal mixing based on
the above principle (Tziperman 1986).

5. Conclusions

Observations show that both the mean density profiles and
the mean N2 profiles are very nearly exponential over large
regions of the middepth (1–3 km) World Ocean (e.g., Miller
et al. 2020; Figs. S7–S9). A vertical advective–diffusive bal-
ance was proposed to explain the near-exponential profile of
temperature in the Pacific Ocean by Munk (1966). This expla-
nation assumed that deep water formation returns to the sur-
face via upwelling driven by diapycnal mixing in the ocean

interior. However, the vertical diffusivity in the middepth
ocean required in this scenario is an order of magnitude larger
than the values revealed by tracer release experiments (Ledwell
et al. 1993; Polzin et al. 1997). An alternative mechanism lead-
ing to a nonvanishing middepth ocean stratification involves the
SO wind steepening the isopycnals in the SO and eddies flatten-
ing them. The resulting SO isopycnal slopes map the SO surface
density to a vertical interior profile (Wolfe and Cessi 2010;
Nikurashin and Vallis 2011, 2012). While SO eddies have
been shown to lead in this way to a nonvanishing middepth
stratification at the limit of vanishing diapycnal mixing, the
resulting stratification (buoyancy frequency profile or zs2)
is not exponential even if the density itself is nearly expo-
nential (Miller et al. 2020). The observed near-exponential
profile of the middepth stratification is thus unexplained,
and this is the focus of the present work. We discussed in
the introduction}and analyzed in the results section}two
ways in which one can understand the effect of SO eddies
on these slopes, involving either the residual circulation or
marginal criticality. The results of this paper resonate with
those of Miller et al. (2020) that the exponential vertical
structure of the middepth ocean stratification requires a
strong enough interior vertical mixing. The novel aspects of
this paper compared to Miller et al. (2020) include 1) that
we use eddy-permitting simulations, allowing us to directly
study the interaction between SO eddy dynamics and the in-
terior and 2) that we focus on the interaction between SO
and interior, while Miller et al. (2020) focused on the equiv-
alent effects on the mean middepth stratification of bound-
ary-intensified vertical mixing and larger interior vertical
mixing (see also Munk and Wunsch 1998).

We used idealized configurations of the MITgcm, at an
eddy-permitting resolution, to examine how SO eddies can in-
teract with diabatic mixing in the ocean interior (i.e., north of
the SO), to determine the interior middepth exponential pro-
files of s2 and zs2. We did so by varying vertical diffusivity
only in the basin interior north of the SO. We found that both
SO isopycnal slopes and the interior stratification respond to
interior vertical diffusivity even as the wind forcing and
Southern Ocean vertical mixing are unchanged. As the SO
isopycnal slopes change in our experiments, so does their
criticality and the SO residual circulation. This suggests
that SO eddies and winds are not likely to determine the
SO isopycnal slopes independently of processes north of
the SO, diapycnal mixing in particular. This is consistent
with previous work that found that the SO residual circula-
tion depends on the interior diapycnal diffusivity, which,
however, only addressed the mechanism for the existence
of middepth stratification rather than its near-exponential
vertical structure (Marshall and Radko 2003; Nikurashin
and Vallis 2011, 2012).

We find that as interior vertical mixing increases, the SO
slopes steepen and the vertical profile of zs2 becomes more
exponential. While previous work successfully showed that
the middepth interior stratification does not vanish as the in-
terior vertical diffusion goes to zero (Wolfe and Cessi 2010),
we emphasize here that the zs2 profile becomes exponential
as observed only for larger interior diffusivity values. These
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large diffusivity cases considered here are in apparent contra-
diction with the abovementioned tracer release experiments
but may be physically realized in the ocean by a scenario of
high vertical diffusion near ocean margins only (Munk and
Wunsch 1998; Miller et al. 2020).

There are several caveats to note. First, the model config-
uration used here is an idealization of the Atlantic Ocean
(our surface buoyancy boundary conditions induce deep wa-
ter formation at both the northern high latitudes and near
the southern boundary), but the vertical advective–diffusive
balance is expected to work better in the Pacific Ocean
where the upper cell of the overturning circulation does
not exist (e.g., Nadeau and Jansen 2020; Baker et al. 2021).
Second, we only use a single-basin configuration, and the
communication between an Atlantic-type basin (with deep
water formation) and a Pacific-type basin (without deep
water formation) is missing. Third, it is, of course, artificial
to only change the value of vertical mixing in the interior,
although this strategy was adopted here to successfully answer
a very specific question rather than used for a simulation of a
realistic parameter regime. Some of the vertical diffusivity val-
ues we used in this study, especially those leading to exponen-
tial zs2 profiles, are also unrealistically large. However, as
explained, these values may be thought of as representing glob-
ally averaged values due to enhanced boundary mixing (Munk
and Wunsch 1998; Miller et al. 2020). Miller et al. (2020)
showed explicitly, in fact, that a Munk-like balance can
hold in narrow boundary regions near ocean margins, with
much larger vertical mixing and vertical velocity there.
This results in a Munk-like balance and stratification that
is then advected toward the ocean interior where the diffu-
sivity may be small, consistent with tracer release experi-
ments and with a similar suggestion made by Munk and
Wunsch (1998). The need to use a large value of vertical dif-
fusivity may also be partially due to our choice of a narrow ba-
sin (due to computational resources constraints), which has
been shown to result in relatively weak and shallow overturn-
ing circulation (Nadeau and Jansen 2020).
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APPENDIX A

Eddy Kinetic Energy Budget

Following Zhai and Marshall (2013), the budget of eddy
kinetic energy [E ≡ (u′2 1 y ′2 )/2] can be written as

E
t

1 ∇ · vE 1
p′v′

r0

( )
2 u′ · F′ 1 u′ · (v′ · ∇u) � 2

r′w′g
r0

:

(A1)

In this equation, ( · ) stands for the time mean; (·)′ stands
for the deviation from the time mean; u ≡ (u, y) is the hori-
zontal velocity vector; v ≡ (u, y, w) is the 3D velocity vec-
tor; r is density; r0 is a reference density; g is gravitational
acceleration; p is pressure; and F is the friction term.

Following Zhai and Marshall (2013), the ∇ · p′v′ /r0 terms
are the eddy energy flux, and 2w′r′g/r0 is the eddy energy
associated with baroclinic instability.

APPENDIX B

Length Scales in the Southern Ocean Channel
and Criticality

Following Chelton et al. (1998), we define the deforma-
tion radius as

Ld � 1
p

 top

bot

NdZ
f

, (B1)

in which f = 2v sin(u) is the Coriolis parameter, and
N2 = 2gzr/r0 is the buoyancy frequency.

We define the Rhines scale at which the upper-scale en-
ergy cascade should halt as

Lb � 2p
EKE1/4

t

b1/2 , (B2)

in which EKEt is the barotropic eddy kinetic energy, and
b = 2v cos(u)/R is the meridional gradient of the Coriolis
parameter. The criticality parameter is further defined as
the ratio between Rb and Rd, averaged in the SO channel.

APPENDIX C

Residual Overturning Circulation and Horizontal
Eddy Diffusivity

The residual overturning circulation as a function of lati-
tude y and buoyancy b0 is calculated following Wolfe and
Cessi (2011) as

cres(y,b0) � 2
1
T

T

0

Lx

0

 top

bot
y(x, y, z, t)H [b(x, y, z, t) 2 b0]dz dx dt,

(C1)

in which T is an averaging time period, Lx is the zonal ex-
tent of the basin, y is the meridional velocity, and H is the
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Heaviside function. The zonal- and time-averaged height of
a surface of constant buoyancy b0 is calculated as

Z(y, b0) �
1
T

T

0

Lx

0

 top

bot
H [b(x, y, z, t) 2 b0]dzdx dt: (C2)

The residual overturning circulation can then be interpo-
lated to depth coordinate using the Z field (Fig. S5) and
denoted c̃res(y,z).

Following Marshall and Radko (2003), the residual me-
ridional velocity ỹres ≡2zc̃res can be decomposed into the
Eulerian component y ≡2zc and an eddy-induced compo-
nent yeddy ≡ ỹres 2 y, which may be written in terms of a cor-
responding streamfunction as yeddy = 2zceddy. The residual
momentum equation is now

f
c̃res

z
� F 1 f

ceddy

z
� t

z
1 f

ceddy

z
, (C3)

in which F represents momentum flux divergence. Neglecting
the horizontal divergence terms (Gille 2003), the F term is
further rewritten in the last equality above as F � zt.

Vertically integrating Eq. (C3), assuming that the residual
and eddy-driven overturning cells vanish at the surface, and
letting t(y, z = 0) be equal to the wind stress, the residual
circulation in the channel can be decomposed into a wind-
induced part and an eddy-induced part

c̃res(y, z) � 2
twind(y)
r0f

1 ceddy(y, z)

� 2
twind(y)
r0f

1 kGM(y, z)Sr(y, z)

� 2
twind(y)
r0f

2 kGM(y, z) ys2

zs2
, (C4)

with a Gent–McWilliams-type parameterization assumed in
the last equality. The parameter kGM calculated following
Eq. (C4) is shown in Fig. S4.
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