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The foundational crisis of mathematics

At the beginning of the 19th century set theory was born

This theory was very promising because it offered a
common foundation to all the fields of mathematics.

R ={x|x¢&x}

Georg Cantor (1845-1918) ‘% E ‘% @ % g %

It's a PA-RA-DOX!!!




Need of logic to define mathematics

Let’s devise a complete and finite set of axioms from
which all true statements can be derived.

Gentzen introduced a formal system
which modeled mathematical

David Hilbert reasoning quite directly
(1862-1943)

Gerhard Gentzen
(1909-1945)

Godel in 1935 published his
Incompleteness result.

Kurt Godel
(1906-1978)



Natural Deduction



Natural Deduction - Gentzen (1935)

Formulae:
A, B::=X|A->B|AAB|AVB

Judgement: HFA I'HFA

If all assumptions in I' are true then A is true

Introduction and Elimination rules



Natural deduction

EAFAAX
A TFB T-AAB F'-AAB
r-ang M rFa b reg B2
EAFB_ﬂ [FAB THEA
rFA— B B
r- A - B FAVB ILARC I,BEC

rFAvB’ ) rEAvVB' 2 r-c VE



Exercises

AVBACO)FAVBYAAVC)
(AVB)A(AVC)FAV(BAC)
A->B->CFA-B-A-0)
A-B)-A-CFA->B-C0C)

A-BVCO)FA-BVA-O0)

(A= B)VA-=CFA= (BVO)




Formulae as Types

Formulae A, B:=X|A->B|AVB|AAB

Types A B:=X|A—->B|A+B|AXB

Formulae are not terms as in logic programming



Natural deduction

EAFAAX
A TFB T-AAB F'-AAB
r-ang M rFa b reg B2
EAFB_ﬂ [FAB THEA
rFA— B B
r- A - B FAVB ILARC I,BEC

rFAvB’ ) rEAvVB' 2 r-c VE
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Proofs as programs

If — IS a proof of formula A then 7z can be represented as a
lambda-calculus term

[, x:AFx: A Ax
[Fe1:A THe: B [Fe: AXB [He: AX B
X XE1 XEz

[+ (e1,e2) : AX B [+ Tme: A [+-m: B

I',x:AI—e:B_)I [Fe1:A— B I’I—ez:A_>E

[ F Ax.e: A— B [+ eje; : B

[Fe: A [ He: B
I'I—inle:A—I—B—I_1 rl—inre:A—i—B_l_2

[Fe:A4+B ILx:AFe :C I',x:BI—ez:C_I_
E

[+ caseeof inlx — ey | inrx — e : C 11



Proofs as Programs

There is a one-to-one correspondence:

Typable terms = minimal propositional logic proofs
xl :AI,X2 :Az, "',Xn :An I_ € :A

e is a proof of A from assumptions A, A,, -+, A,

e is a program of type A with free variables
x]a-xza e, X Of type A19A29“°9An

n
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Example

A—(A—B),AFA—->(A—>B) A— (A—B),AFA

A—(A— B),A-FA—B

A— (A= B),A A

A— (A— B),A+-B
A—-(A—>B)-FA—B
F(A—-(A—B)) - A—B

x:A>(A—=B),y: Ak x: A>(A>B) x: A—>(A—=B),y : Ak y: A

x: A—(A—B),y : A xy : A>B

x:A—=>(A—=>B),y:AFy:A

x: A—>(A—B),y: A xyy : B
x : A—~(A—B) - Ay.xyy : A—>B
- Ax.A\y.xyy : (A—>(A—B)) -A—B
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Harmony (Dummett 1976)

Local Soundness shows that the elimination rules are

not too strong.
'FAVDEB

I'-B

Local Completeness show that the elimination rules are
not too weak

I’ B

- AN
I'FA
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Local Soundness

Elimination rules applied to the result of an introduction
rule do not produce new information.

D £
FA  THB =
Al
TFAANB, — THA
M A

Local Reductions
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Local Soundness

Elimination rules applied to the result of an introduction
rule do not produce new information.

D
F,AI—B_) — D[E/A]
FA>B & M-8
[FA
—E
- B

Local Reductions
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What does local soundness correspond to?

Howard (1980) observes that the elimination of a detour corresponds to
B-reduction

D
[LAFB ., E D[E/A]
[HFA— B I_I—A_>e M- B
B
[,x: Al e : B
[FXAx:Aer:A—=B Tkhe:A —> [+ eifea/x]: B

- (Ax:Ae)e : B

(Ax.e))e, =5 e1ley/x]
Can all the detours be eliminated from a proof?

A term in normal form (i.e. without 3-redexes) corresponds to a
proof without detours
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Local soundness for pairs

D E
- A [+ B D
/
FI—A/\BAEA — [ A
- A

I'I—e1:A r|—62:B
[+ (e1,e2) : AX B
r|—7T1 (61,62):A

X
p— rl—e1

XE

ri(e,e,) = e
(e, e,) = e,

A
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Local Completeness

The elimination rules are strong enough to get all the
pieces out of a structured proposition so that they can be

recomposed. A proof can always end with an introduction
rule.

D 9,
9 (-AAB, . THAAB,
F-AAB — r-A N
TEAAB

Local Expansion
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Local completeness

The elimination rules are strong enough to get all the
pieces out of a structured proposition so that they can be

recomposed. A proof can always end with an introduction
rule.

9 9

LA 3 [,AFA—B
— [L,AFB

[FA— B

Local Expansion

AFA

—7E

—71
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What does completeness correspond to?

7 rAk@A—>B hAFA
[FA— B — , —F
[,AF- B
1
[FA— B
Fe:-A— B [,x:A-e:A— B F,x:AI—x:A_)t
[,x:A-ex:B

—7

[ F Ax.ex: A— B

e=,7/1x.ex

Extensionality withesses local completeness
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Pairs are surjective

D D
D [FAAB, . THAAB .
[ - AAB — [ A rI_B/\I
= AAB

rl—e:AxB>< rl—e:AxB><
[ Fe: AX B — mie: A g [ -me: B

X
[+ (mieme): AX B

E

e =, (n e,m, e)



Disjunction and union

Logic M- A v, '~ B v, Fr'FAVB ITbLAEC TI',BFEC e
[ - AV B [ AV B [~ C
F'=M: A n - M:B i
Type theory r-inhM:A+B ' TrHinpM:A+B '

IEFM:A4+B I',xy:AFC I',x:BFC
[+ case M of inji x1 : A= Ny | injaxa = Noend : C

+e

Local reductions

D
r-A
rFavs’ - M BFC
MAFC
e VE__ E[D/A

N=C

FTEM: A n
=inf M: A+ B Nx1:AEN;: C r,xzzBl—szC_H:_

[+ case M of inji x1 = Ny | injaxo = Nyend : C = I = N1[M/x4]
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Disjunction and union - Local expansion

Local Expansion

. [AFA / [ BFB /
= rA-FAvVB’ T.BFAVB'
. - AVB
r,X1ZA|—X1ZA r,XziBl—XziB

/ /
T M: A+B —~I-M:A+B r,x1:A|—inj1x1:A—|—B+ r,xz:BI—injzxz:A—l—BiE

[ case M of inji1 x1 = inj1 x1 | inja x, = injax2 : A+ B

M =, case M of injix; = injx | injx, = injx

Note that the elimination follows the introduction, instead of
the other way around! N



Hilbert axioms

P A—->A (1)

< A—->B—->A (2)
ﬂ A-B—->C)-A->B)—-A-C (3)

o et MoOdus Ponens
(1862-1943)

FA—-> (B—=>A) — A) (2)
FA->(B—>A)—>A)->A->B—-A)oA-A (3)

-~ A->B—->A)>A-A) MP
—~-A—>B—> A (2)
—A - A MP




Combinatory Logic

Terms

Axioms

v
Haskell Curry

(1900-1982)

M:=1|K|S|MM
IM=M
KMN=M
SMNP = (MP)NP)

Types [:A— A
K:-A—-B—>A

Hilbert axioms

~
~

Typed Combinatory Logic
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Proofs as Programs

-~ K:A-> (B—->A)—- A (2)
S A->((B->A)->A)->A->B->A))>A->A (3

—SK:(A—> (B—->A) > (A—-A) MP

- K:A>B—>A (2
- SKK:A—>A  MP



Curry-Howard isomorphism

Logic Type Theory
Formula Type

Proof Program

Detour eliminations B-reduction
Expansions Extensionality
Propositional logic STLC

Is this a coincidence?
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Intuitionistic Logic

Formulae:
A, B:=X|A->B|AAB|AVB]| L

“A2A> 1

Introduction rule?

Elimination rule?

Elimination of detour?



Computational Interpretation of IL

- What are terms of type A — L ? They are special
functions: they never return! We call them continuations

- What about EFQ?
[,tp: Al e: A
[,tp: "AFtpe: L 3
[,tp: Al jumptpe: B £

Abort e = jump tp e

fun product nil =0

|  product (x::xs) = if x=0 then Abort 0 else x*(prod xs)
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Classical Logic and Control Operators

Classical Logic is obtained by adding one of the following
axioms to Intuitionistic logic:

AV-A - A-A (rFA-1L)-A (A-L)—->A)—-A

[-M: M k:—AFM:A
['= AbortM: A [+ callcc(Ak.M) : A

PL

[ k:"AFM: L
[ C(Mk.M): A

PBC

31



Proofs-as-Programs for Classical Logic

Intuitionist Logic = Minimal Logic + EFQ
Minimal Classical Logic = Minimal Logic + Pierce Law
Classical Logic = Minimal Logic + Pierce Law + EFQ
Logic Type Theory
Minimal Logic A-calculus
Intuitionistic Logic A-calculus + Abort
Minimal Classical A-calculus + callcc + throw
Classical logic A-calculus + callcc + throw + tp

If A is provable in classical logic, then [|A]] is provable in IL

Negative translations and continuation-passing style
transformations a2



Second-order quantification - Polymorphism

AB:=X|A—>B|AAB|AVB|VX.A

- A [ VX.A
FEVXA" rEA[B/X]
John Reynold, 1974:
FTEe: A [ Fe:VX.A
VE
M- AX.e VXA M F e[B] : A[B/X]
x: XFEx: X

7

E

x: XEFAXx: VXX
x: XF(AX.x)[B]: B
= Ax @ X.(AX.x)[B] : X — B

Where is the problem? [F A X does not occur free in rw
[ FVX.A
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Second-order quantification-Abstraction

ALB:=X|A—>B|AAB|AVB|VX.A|3X.A
I‘I—A[B/X]a T-3X.A TAF B3
r-3ax.A ! - B E

[+ e: A[B/X] - ThFe:3XA T,x:AkFe:B
/
[+ pack {B, e} : AX.A [+ unpack {X,x} = e ine, : B

I

AXXEFIX.X XEX
AXXEFX
FAXX —= X

I
i

rF3X.A T,A-B Xg_iFV(F,B)El
T £
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