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Today, we will learn about

» Curry-Howard Correspondence

» Existential types
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Curry-Howard Correspondence
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Curry-Howard Correspondence

» propositions as types
» proofs as programs
» proof normalization as program evaluation
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Curry-Howard Correspondence

» a well-typed program demonstrates that there
is at least one value for that typed

» i.e. that type is inhabited
» a program is a proof that the type is inhabited
» a proof demonstrates that there is at least one
way of deriving a formula
» i.e. that the formula is provable by manipulating
assumptions and doing inference
» a proof is a program that manipulates evidence
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Curry-Howard: Implication

T-VAR ————T(x) =7
[+ x:7

T-ABs Mx:7kHe:7

N Xx:r.e:7— 7

MFer: "TFe:
T App e T =T €T

e e:7
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Curry-Howard: Implication

T-VAR

M, x:AT>,Fx:A

[ x:AFe:B
[ )Xx:A.e:A— B

T-ABS

[Feg:A— B ThHe:A
[Fe B

T-AprpP
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Curry-Howard: Implication

T-VAR

M, x:A,[rFx:A

M x:AFeB
N )Ax:A.e:tA— B

T-ABS

[+ €1 A— B e A
[+ €1 & ‘B

T-AprpP
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Curry-Howard: Implication

T-VAR

I, AL+ A

F, AF B
T-ABS —
(e A= B
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Conjunction = Product

Fl—e1:7'1 Fl—e2:7'2

[+ (61,62)17'1 X To

[Fe:mm X [Fe:mm X

E#1emn [=#2e:m
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Conjunction = Product

Fe:A [THe:B
M- (e, e):Ax B

-e:Ax B N-e:Ax B

[F#1e:A [ #2e:B
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Conjunction = Product

e:A THe:B
[ (e1,e):AX B

-e:Ax B [Fe:Ax B

[F#1e:A [-4#2e:B
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Conjunction = Product

r- A TF B
(s ANB

r- AAB r- AAB
re A re B
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Disjunction = Sum

[Fe:n e

=inl 4, e+ [ =inr i, e:m +m

[Fen+m TFegm—>7 ThHem—T1

[Fcaseeofe | e:T
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Disjunction = Sum

Fe:A Fe:B
Finlasge:A+ B [ -inra,ge:A+ B

[Fe:A+B TFHFeg:A—=C THe:B—=C

[Fcaseeofe | e:C
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Disjunction = Sum

Fe:A Fe: B
Finlg.ge:A+ B inra,ge:A+ B

lFe:A+B Theg:A=-C TrRe:B—C
Fcaseeofe | e:C
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Disjunction = Sum
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Parametric Polymorphism
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What about False?

=
T
|_

EX FALSO QUODLIBET

=
T
>
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Example 1: From Formula to Type

Vo1, 02, 3. (01 = ¢2) A (P2 = 93)) = (61 = ¢3).
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Example 1: From Formula to Type

Vo1, 02, 3. (01 = ¢2) A (P2 = 93)) = (61 = ¢3).

VX, Y, Z. (X = Y)x (Y = 2)) - (X — 2).
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Example 1: From Formula to Type

Vo1, 02, 3. (01 = ¢2) A (P2 = 93)) = (61 = ¢3).

VX, Y, Z. (X = Y)x (Y = 2)) - (X — 2).

AX, Y, Z (X = Y)x (Y = Z). X (#2 ) ((#1 f) x)
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Example 2: From Type to Formula

Af (1 X 12) = 13 AT Ay o f (X, y)
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Example 2: From Type to Formula

Af (1 X 12) = 13 AT Ay o f (X, y)

((7’1 X 772) — 773) — (7’1 — Ty — 773)
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Example 2: From Type to Formula

Af (1 X 12) = 13 AT Ay o f (X, y)

((7’1 X 772) — 773) — (7’1 — Ty — 773)

(P1 A2 = ¢3) = (01 = (P2 = ¢3))
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Negation

-7 equivalent to 7 = False
If =7 is true, then if you give me a proof of 7, | can
give you a proof of False.

22/39



Which are tautologies?

A= B=A

(A=B)=A=8B
(A=B=C)=(A=B)=A=C
AV -A

(A V —A)

A= —-A

—A=A

No s wh =
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Which are tautologies?

1. First axiom of sentential logic: A= B = A
2. Modus Ponens: (A= B)= A= B

3. Second axiom of sentential logic:
(A=B=(C)=(A=B)=A=C

4. Excluded Middle (does not hold in intuitionistic
logic, only in classical logic): AV —A

5. Excluded Middle is not wrong (holds in
intuitionistic logic too): =—(AV —A)

6. If A is right, then it's not wrong: A = ——A

7. If A'is not wrong, then it's right (does not hold
in intuitionistic logic): =—A = A
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Double negation

>

>

>

Double negation ——P reads as “P is not
wrong'.

In classical logic, =—P is equivalent to P, and
“it's not wrong" is equivalent to “it's true”.

In intuitionistic logic, P implies =——P but the
converse does not hold (no double negation
elimination). Hence, "it's not wrong" is weaker
than “it's true".

However, the intuitionistic “it's not wrong”
behaves much like the classical “it's true”. In
particular, excluded middle is not wrong!
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Continuations

Answer: “return type’ of continuations
Continuation type: 7 — Answer.

Assume Answer is uninhabited — like False.
Then, continuation corresponds to negation!
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Continuation-Passing Style

The type of CPS[e] is

([7] — Answer) — Answer.
This type corresponds to —=(—[7]).
Double negation.
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Proof Normalization is Program
Evaluation
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[-reduction corresponds to cut elimination

x:AFeB :
F)Xx:A e:A— B [Fe:A
[ (Ax:A.e)e: B

becomes

[ e:A

M+ e{e.g/x}:B
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[-reduction corresponds to cut elimination

I, A- B

M+ A= B M+ A
s B
becomes
e A
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Cuts

A cut is an intermediate statement (a lemma) that
we prove even though it is not a subformula of the
final statement (the theorem).

Example (A proof with a cut). We show that P,
then P = @, and we conclude Q.
P is a cut.

Example (A proof without cuts). We show P, then
Q, and we conclude P A Q.
P and Q are subformulas of P A Q and
therefore not cuts.
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Curry-Howard Correspondence
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Existential Types
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Syntax

er=x|M:T.e|lere|n|e+e
[ {h=e,....lh=e,}]el
| pack {71, e} as IX. m
| unpack {X,x} = e in e

vi=n|x:re|l{h=w,....L=v, }
| pack {7, v} as AX.

To=int | —n|{hm,.. | X 3XT
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Example: Counter ADT

let counterADT =

pack
{int, { new =0,
get = Ai:int. /|
inc=Aizint.i+1} }
as

JCounter. { new : Counter,
get : Counter — int,
inc : Counter — Counter }
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Example: Counter ADT, continued

unpack {C, x} = counterADT inlet y:C = x.new in
x.get (x.inc (x.inc y))
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Operational Semantics

E:=---|pack {m,E} as IX. 1
| unpack {X,x} = Eine

unpack {X, x} = (pack {7,v} as Y. 1) in e — e{v/x}{m/X}
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Typing rules

AT Fe:n{n/X}

A, T+ pack {r1,e} as IX. »:3IX. 7

ATFe:3X. 7 X&A
AU{X}IximFe:mn AF 1ok

A, T+ unpack {X,x} = e ine:m

AU{X}E 7 ok
A+ 3X. 7 ok
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Exisentials encoded with Universals

iX. 7
=VY.(VX17—=Y)=>Y

pack {79, e} as AX. 7
=AY .\ (VX7 = Y).f [n]e

unpack {X,x} = e in &
=e; [m] (AX. Ax : T11. €).
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