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Abstract

The Extended Kalman Filter (EKF) hasbecomea standard
techniquausedin anumberof nonlinearestimatiorandma-
chinelearningapplications. Theseinclude estimatingthe
stateof a nonlineardynamic system,estimatingparame-
ters for nonlinearsystemidentibcation(e.g., learningthe
weightsof a neuralnetwork), anddualestimation(e.g., the
ExpectatiorMaximization(EM) algorithm)wherebothstates
andparameterareestimatedsimultaneously

This paperpointsout the Baws in usingthe EKF, and
introducesan improvement,the Unscented Kalman Filter
(UKF), proposedy JulierandUhiman[5]. A centraland
vital operationperformedn the KalmanFilter is the prop-
agationof a Gaussiarrandomvariable(GRV) throughthe
systemdynamics. In the EKF, the statedistribution is ap-
proximatedby a GRV, which is then propagatedanalyti-
cally throughthe brst-orderinearizationof the nonlinear
system.This canintroducelargeerrorsin thetrue posterior
meanand covarianceof the transformedGRV, which may
leadto sub-optimaperformancendsometimeslivergence
of the blter The UKF addressethis problemby usinga
deterministicsamplingapproach.The statedistribution is
againapproximatedby a GRV, butis now representedsing
aminimalsetof carefullychosersamplepoints. Thesesam-
ple pointscompletelycapturethetrue meanandcovariance
of the GRV, and when propagatedhroughthe true non-
linear system,captureghe posteriormeanand covariance
accuratelyto the3rd order(Taylor seriesexpansion¥or any
nonlinearity The EKF, in contrastpnly achiezesbrst-order
accurag. Remarkablythe computationatomplexity of the
UKF is thesameorderasthatof the EKF.

JulierandUhlmandemonstratethe substantiaperfor
mancegainsof the UKF in the context of state-estimation
for nonlinearcontrol. Machinelearningproblemswerenot
consideredWe extendtheuseof theUKF to abroaderclass
of nonlinearestimationproblems including nonlinearsys-
temidentibcationtrainingof neuralnetworks,andduales-
timation problems.Our preliminaryresultswere presented
in [13]. In this paper the algorithmsarefurther developed
andillustratedwith anumberof additionalexamples.

This work was sponsored by the NSF under grant grant IRI-9712346

1. Introduction

The EKF hasbeenappliedextensiely to the beld of non-
linearestimation.Generabpplicationareasnaybedivided
into state-estimation andmachine learning. \We further di-
vide machinelearninginto parameter estimation anddual
estimation. The frameawork for theseareasare brieRy re-
viewednext.

State-estimation

Thebasicframewnork for the EKF involvesestimatiorof the
stateof adiscrete-timenonlineardynamicsystem,

F(xk,vk) (1)
H(xg,ny), (2)

Xk+1
Y =

wherex;, representhe unobseredstateof the systemand
v« is theonly obsenedsignal. Theprocess noisevy, drives
the dynamicsystem,andthe observation noiseis givenby
n;. Notethatwe arenot assumingadditiity of the noise
sourcesThesystemdynamicmodel F' and H areassumed
known. In state-estimatiorthe EKF is the standardnethod
of choiceto achieve a recursve (approximate)ymaximum-
likelihood estimationof the statex;. We will review the
EKF itself in this contet in Section2 to help motivatethe
UnscentealmanFilter (UKF).

Parameter Estimation

Theclassicmachindearningprobleminvolvesdetermining
anonlineamapping

yr = G(xg, W) ©))

wherex;, is the input, y;, is the output,andthe nonlinear
map G is parameterizedby the vectorw. The nonlinear
map,for example maybeafeedforwardor recurrenneural
network (w arethe weights),with numerousapplications
in regressionglassibcationanddynamicmodeling.Learn-
ing correspond#o estimatingthe parametersv. Typically,

a training setis provided with samplepairs consistingof

known input and desiredoutputs,{x,dy}. The error of

the machineis debPnedase;, = dj — G(xx,w), andthe
goal of learninginvolvessolving for the parametersw in

orderto minimizethe expectedsquarecerror.



While a numberof optimizationapproachesxist (e.g.,
gradientdescenusingbackpropagationthe EKF may be
usedo estimateheparameterby writing anew state-space
representation

Wi = Wg_1 + U (4)
Vi = G(xg, W) + €. 5)

wherethe parameterswv;, correspondo a stationarypro-
cesswith identity statetransitionmatrix, drivenby process
noiseuy, (the choiceof variancedeterminegracking per
formance) Theoutputy, correspondto anonlinearobser
vationon w;. The EKF canthenbe applieddirectly asan
efbcientOsecond-ordetéchniquefor learningthe parame-
ters.In thelinearcasetherelationshippbetweerthe Kalman
Filter (KF) andRecursie LeastSquaregRLS) is givenin
[3]. Theuseof the EKF for training neuralnetworks has
beendevelopedby SinghalandWu [9] andPusloriousand
Feldkamp[8].

Dual Estimation

A specialcaseof machindearningarisesvhentheinputxy,
is unobsered, andrequirescouplingboth state-estimation
andparameteestimation. For thesedual estimation prob-
lems,we againconsidera discrete-timenonlineardynamic
system,

F(Xk; Vi, W) (6)
H(xp,ng, w). @)

Xk41
Ye =

whereboththesystenmstatesx;, andthesetof modelparam-
etersw for thedynamicsystenmustbesimultaneouslgsti-

matedfrom only the obserednoisysignaly. Approaches
to dual-estimatiorarediscussedn Sectior4.2.

In thenext sectiorwe explainthebasicassumptionand
Ravswith theusingthe EKF. In Section3, we introducethe
UnscenteKalmanFilter (UKF) asa methodto amendthe
Ravsin the EKF. Finally, in Sectior4, we presentesultsof
usingthe UKF for the differentareasof nonlinearestima-
tion.

2. The EKF and its Flaws

Considerthe basicstate-spacestimationframenork asin
Equationsl and2. Giventhe noisy obsenationyy, are-
cursive estimationfor x; canbe expressedn theform (see

(6D,
%X, = (prediction of x3) + Ky - [yr — (prediction of yx)]  (8)

Thisrecursiorprovidestheoptimalminimummean-squared
error(MMSE) estimatefor x;, assuminghe prior estimate
Xr—1 andcurrentobsenationy;, areGaussiarRandonVari-
ables(GRV). We neednot assumdinearity of the model.
Theoptimaltermsin thisrecursionaregivenby

X, = E[F(Xp-1,Ve-1)] )
Kr = PxyPol, (10)
¥, = EHE,,m)], (11)

wherethe optimal predictionof x; is written asx,, and
correspondgo the expectationof a nonlinearfunction of
therandomvariablesk;_; andvy_; (similarinterpretation
for the optimal predictiony, ). The optimalgainterm Ky,
is expressedasa function of posteriorcovariancematrices
(with y, = yx — ¥, ). Notethesetermsalsorequiretak-
ing expectationsof a nonlinearfunction of the prior state
estimates.

The Kalman plter calculateghesequantitiesexactly in
thelinearcaseandcanbeviewedasanefbcientmethodfor
analytically propagatinga GRV throughlinear systemdy-
namics. For nonlinearmodels,however, the EKF approxi-
mates the optimaltermsas:

X, ~ F(%k-1,v) (12)
Ki = Pxy Py, (13)
Vi =~ H(x,,n), (14)

wherepredictionsareapproximatedissimply the function
of theprior mean valuefor estimategnoexpectatiortaken)*

The covarianceare determineddy linearizingthe dynamic
equationgxy1 ~ Axy + Bvg, yr & Cxx + Dny), and
thendeterminingthe posteriorcovariancematricesanalyt-
ically for the linear system. In otherwords, in the EKF

the statedistribution is approximatedy a GRV which is

then propagatechnalytically throughthe Obrst-order(in-

earizationof thenonlinearsystem.Thereadersarereferred
to [6] for the explicit equations.As such,the EKF canbe
viewedasproviding OPrst-orderépproximationso the op-

timal termg$. Theseapproximationshowever, can intro-

ducelargeerrorsin thetrue posteriormeanandcovariance
of thetransformed Gaussianyandomvariable ,which may
leadto sub-optimaperformancendsometimeslivergence
of theplter It is theseORasOwhichwill beamendedn the
next sectionusingthe UKF.

3. The Unscented Kalman Filter

The UKF addressethe approximationissuesof the EKF.
The statedistribution is againrepresentedy a GRV, but
is now specibedusing a minimal set of carefully chosen
samplepoints. Thesesamplepointscompletelycapturethe
truemeanandcovarianceof the GRV, andwhenpropagated
throughthe frue non-linearsystem,captureshe posterior
meanandcovarianceaccuratelyto the 3rd order(Taylor se-
ries expansion)for any nonlinearity To elaborateon this,

I'The noise means are denoted by i = E[n] and ¥ = E[v], and are
usually assumed to equal to zero.

2While “second-order” versions of the EKF exist, their increased im-
plementation and computational complexity tend to prohibit their use.



we startby prstexplainingthe unscented transformation.

Theunscentedransformation{UT) is a methodfor cal-
culatingthestatisticsof arandomvariablewhich undegoes
anonlineartransformation5]. Considempropagatingran-
domvariablex (dimensionL) throughanonlinearfunction,
y = g(x). Assumex hasmeanx andcovarianceP,. To
calculatethe statisticsof y, we form amatrix X of 2L + 1
sigma vectors; (with correspondingveightsiw;), accord-
ing to thefollowing:

Xo =x (15)
X; :x+(¢@13ﬁi% i=1,...,L
X; :i—((L+MPQFLi:L+LHWﬂ

W™ = A\/(L + A)
W =ML+ N+ (1—a®+f)

wm™ =wl9 =1/{2(L+ N} i=1,...,2L
wherel = o?(L + k) — L is ascalingparametera deter
minesthespreadf thesigmapointsaroundx andis usually
setto a small positive value (e.g., 1e-3). k is a secondary
scalingparametemwhich is usually setto 0, and 3 is used
to incorporateprior knowledgeof the distribution of x (for
Gaussiardistributions,3 = 2 is optimal). (1/(L + \)Px);
is thesth row of thematrixsquareoot. Thesesigmavectors
arepropagatedhroughthe nonlinearfunction,

and the meanand covariancefor y are approximatedus-
ing aweightedsamplemeanandcovarianceof theposterior
sigmapoints,
2L
y o~ Y WMy

=0

2L
S WY -y -5y 18)
=0

(17)

Py

Q

Notethatthismethoddifferssubstantiallfrom generaDsam-
plingOmethodge.g., Monte-Carlomethodssuchasparticle
blters[1]) which requireordersof magnitudemoresample
pointsin anattemptto propagate@naccuratépossiblynon-
Gaussian)istribution of the state. The deceptvely sim-
ple approachtaken with the UT resultsin approximations
thatareaccurateto the third orderfor Gaussiannputsfor
all nonlinearitiesFor non-Gaussiamputs,approximations
areaccurateo at leastthe second-ordemwith the accurag
of third andhigherordermomentsieterminedy thechoice
of a andg (See[4] for adetaileddiscussiorof the UT). A
simple exampleis shown in Figurel for a 2-dimensional
system: the left plot shawvs the true meanand covariance
propagatiorusing Monte-Carlosampling;the centerplots

Actual (sampling) Linearized (EKF) uT

mean |

sigma points

~

‘ y = () Y = (%)
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l and covariance
f(x) ‘
true mean ‘ 0‘/ ggr::;o;rgli?s
true covariance b % !
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ATP,A J °©
/

UT covariance

Figurel: Example of the UT for mean and covariance prop-
agation. a) actual, b) first-order linearization (EKF), c) UT.

shaw theresultsusinga linearizationapproachaswould be
donein the EKF; theright plots shov the performanceof
the UT (noteonly 5 sigmapointsarerequired). The supe-
rior performancef theUT is cleat

The Unscented Kalman Filter (UKF) is a straightfor
wardextensionof theUT totherecursve estimatiorin Equa-
tion 8, wherethe stateRV is redebPnedsthe concatenation
of theoriginalstateandnoisevariablesx{ = [x] vi nl]7.
The UT sigmapoint selectionschemgEquationl5) is ap-
pliedto this new augmentedtateRV to calculatethecorre-
spondingsigmamatrix, X';. The UKF equationsiregiven
in Algorithm 3. Note that no explicit calculationof Ja-
cobiansor Hessiansare necessaryo implementthis algo-
rithm. Furthermoretheoverallnumberof computationsire
thesameorderasthe EKF.

4. Applications and Results

The UKF was originally designedfor the state-estimation
problem,andhasbeenappliedin nonlinearcontrolapplica-
tionsrequiringfull-statefeedback5]. In theseapplications,
the dynamicmodelrepresents physicallybasedparamet-
ric model,andis assumedtnown. In this sectionwe extend
theuseof the UKF to abroaderclassof nonlinearestimation
problemsywith resultspresentedbelow.

4.1. UKF State Estimation

In orderto illustratethe UKF for state-estimationye pro-
videanew applicationexamplecorrespondingp noisytime-
seriesestimation.

In thisexample the UKF is usedto estimateanunderly-
ing cleantime-seriexorruptedby additve Gaussiarwhite
noise.Thetime-seriesusedis the Mackey-Glass-3@haotic



Initialize with:

)A(() = E[X()]
Po = E[(x0 — %0)(x0 — %0)"]
x§ = E[x"] = [%; 00]"
. Py 0 0
0=E[(xg —%0)(xg —%3)']=| 0 Py, O
0 0 P,

Fork € {1,...,00},

Calculate sigma points:

Afy = [%ioa xia =\ J(L+ WP

Time update:

Xik—1 = F[X;_1, X 4]

2L
% = > WA
=0

2L
Pr =Y WA s — %5 X s — %5 1"
=0

Vijk—1 = H[XF 1, X _4]

2L
Ve =3 W Vi
=0

Measurement update equations:

2L
Pyse = 9 WiWikpo1 = 3% Wik — 351"
=0

2L
Pxy, = ZWi(C)[Xi,k\k—l =%, Vi1 — ¥x 1"
i=0

_ —1
K= Py PS’kS’k

Xy =% +K(ye — 31 )
P, =P} — KPy,5,K"

where, x% = [XT VT nT]T’ Xe = [(Xm)T (XU)T (Xn)T]T’
A=composite scaling parameter, L=dimension of augmented state,
P =process noise cov., Py =measurement noise cov., W;=weights

as calculated in Eqn. 15.

Algorithm 3.1: Unscented Kalman Filter (UKF) equations

series.Thecleantimes-seriess bPrstmodeledasanonlinear
autorgression

Ty = f(ﬂfk—h ---l‘k—M,W) + vg (19)

wherethemodel f (parameterizedy w) wasapproximated
by training a feedforward neuralnetwork on the cleanse-
guence.Theresidualerror after corvergencewastaken to
betheprocessoisevariance.

Next, white Gaussiamoisewasaddedo thecleanMackey-
Glassseriesto generatea noisytime-seriegy;, = x, + ng.
Thecorrespondingtate-spaceepresentatiois givenby:

X, = F(xg_1,W) + B-up_,
Tk f(.'])k_l,... ,:L'k_M,W) 1
Tk—1 1 0 0 0 Tk—1 0
= . + .| Vk—1
o - 0 : :
Thk—M+1 0 0 1 0 Thp—M 0
Yp = [1 0 0] - X + ng (20)

In theestimatiorproblem thenoisy-timeseriesy;, isthe
only obseredinput to eitherthe EKF or UKF algorithms
(both utilize the known neuralnetwork model). Note that
for this state-spacérmulationboththe EKF andUKF are
orderL? compleity. Figure2 shavs a sub-sgmentof the
estimategeneratethy boththe EKF andthe UKF (theorig-
inal noisytime-serieshasa 3dB SNR). Thesuperiomperfor
manceof the UKF is clearlyvisible.
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Figure2: Estimation of Mackey-Glass time-series with the
EKF and UKF using a known model. Bottom graph shows
comparison of estimation errors for complete sequence.

4.2. UKF dual estimation

Recallthatthe dual estimationproblemconsistsof simul-
taneouslyestimatingthe cleanstatex; andthe modelpa-



rametersw from the noisy datay, (seeEquation7). As
expressecearlier a numberof algorithmicapproachesx-
ist for this problem. We presentresultsfor the Dual UKF
andJoint UKF. Developmenibf a Unscentedsmootheifor
anEM approacH?2] waspresentedn [13]. As in the prior
state-estimatioexample,we utilize a noisytime-seriesap-
plication modeledwith neuralnetworks for illustration of
theapproaches.

In thethe dual extended Kalman filter [11], a separate

state-spaceepresentatiois usedfor thesignalandtheweights.

The state-spaceepresentatioffior the statexy is the same
asin Equation20. In the contet of atime-seriesthe state-
spaceepresentatiofor theweightsis givenby

Wi = Wg_1 + Ug (21)
Yr = f(Xk,]_,Wk) —|—vk+nk. (22)

wherewe settheinnovationscovarianceP,, equalto P, .
Two EKFs cannow be run simultaneouslyfor signaland
weightestimation.At every time-stepthe currentestimate
of theweightsis usedin thesignal-blterandthecurrentes-
timateof the signal-states usedin the weight-Pblter In the
new dual UKF algorithm,bothstate-andweight-estimation
aredonewith the UKF. Note thatthe state-transitioris lin-
earin theweightblter, sothenonlinearityis restrictedo the
measuremergquation.

In the joint extended Kalman filter [7], the signal-state
andweightvectorsareconcatenatethto asingle joinz state
vector: [x] wl]7. Estimationis donerecursvely by writ-
ing the state-spacequationdor thejoint stateas:

xk] _ [F(Xk—lawk—l)] n [Blik”k] (23)

Wi I- WE_1

ye=[1 0 --- 0] [fv’z]Jrnk, (24)

and running an EKF on the joint state-spaceto produce
simultaneou®stimatef the statesx;, andw. Again, our
approachs to usethe UKF insteadof the EKF.

Dual Estimation Experiments

We presentresultson two time-seriego provide a clearil-
lustration of the use of the UKF over the EKF. The brst
seriesis againthe Mackey-Glass-3Cchaoticserieswith ad-
ditive noise (SNR = 3dB). The secondtime series(also
chaotic)comesfrom anautorgressve neuralnetwork with
randomweightsdrivenby Gaussiarprocessioiseandalso

34 is usually set to a small constant which can be related to the time-
constant for RLS weight decay [3]. For a data length of 1000, u ~ le — 4
was used.

4The covariance of u is again adapted using the RLS-weight-decay
method.

corruptedby additive white Gaussiamoise(SNR =~ 3dB).
A standards-4-1 MLP with tanh hiddenactivation func-
tionsanda linearoutputlayerwasusedfor all the bltersin
the Mackey-Glassproblem.A 5-3-1MLP wasusedfor the
secondoroblem. The procesandmeasurementoisevari-
anceswvereassumedo be known. Notethatin contrastto
the state-estimatiomxamplein the previous section,only
thenoisytime-seriess obsened. A cleanreferences never
providedfor training.

Exampletraining curvesfor the differentdualandjoint
Kalmanbasecestimatiormethodsareshavn in Figure3. A
Pnalestimateor the Mackey-Glassserieds alsoshawn for
the Dual UKF. Thesuperiomerformancef the UKF based
algorithmsareclear Theseimprovementsave beenfound
to be consistentindstatisticallysignibcanbn a numberof
additionalexperiments.
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Figure 3: Comparative learning curves and results for the
dual estimation experiments.



4.3. UKF parameter estimation

As part of the dual UKF algorithm, we implementecthe
UKF for weightestimation. This represents. nev param-
eterestimationtechniquethat canbe appliedto suchprob-
lemsastraining feedforward neuralnetworksfor eitherre-
gressioror classibcatioproblems.

Recallthatin this casevewrite astate-spaceepresenta-
tion for theunknavnweightparameterss asgivenin Equa-
tion 5. Notethatin this caseboththe UKF andEKF areor-
der L2 (L is the numberof weights). The adwvantageof the
UKF overtheEKF in this cases alsonotasobvious,asthe
state-transitiorfunctionis linear However, aspointedout
earlier the obsenationis nonlinear Effectively, the EKF
builds up anapproximatiorto the expectedHessiarby tak-
ing outerproductsof thegradient.The UKF, however, may
provideamoreaccurateestimatehroughdirectapproxima-
tion of theexpectatiorof theHessian Noteanothemistinct
adwantageof the UKF occurswheneitherthe architecture
or error metric is suchthat differentiationwith respectto
theparameterss noteasilyderivedasnecessarin the EKF.
The UKF effectively evaluatesboth the JacobiarandHes-
sianpreciselythroughits sigmapoint propagationyithout
theneedto performary analyticdifferentiation.

We have performeda numberof experimentsappliedto
training neuralnetworks on standarcdbenchmarldata. Fig-
ure4illustratesthedifferencesn learningcurves(averaged
over 100 experimentswith differentinitial weights)for the
Mackay-Robot-Arm datasetandthe Ikeda chaotictime se-
ries. Note the slightly fastercorvergenceand lower bPnal
MSE performancef the UKF weighttraining. While these
resultsareclearly encouragingfurther studyis still neces-
saryto fully contrastdifferencesbetweenUKF and EKF
weighttraining.
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Figure4: Comparison of learning curves for the EKF and
UKF training. a) Mackay-Robot-Arm, 2-12-2 MLP, b) lkeda
time series, 10-7-1 MLP.

5. Conclusions and future work

The EKF hasbeenwidely acceptedsa standardool in the
machinelearningcommunity In this paperwe have pre-
sentedan alternatve to the EKF using the unscentedol-
ter. The UKF consistentlyachieves a betterlevel of ac-
curag thanthe EKF at a comparabldevel of compleity.
We have demonstratedhis performancegainin a number
of applicationdomainsjncludingstate-estimatiordual es-
timation, and parameteestimation. Futurework includes
additionalcharacterizatiorof performanceenebtsexten-
sionsto batchlearningandnon-MSEcostfunctions,aswell
asapplicationto otherneuralandnon-neurale.g., paramet-
ric) architecturesln addition,we arealsoexploringtheuse
of the UKF asa methodto improve Particle Filters[10], as
well asanextensionof the UKF itself thatavoidsthelinear
updateassumptiorby usinga directBayesiarupdate[12].
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