On Optimal Arches'
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Thi Recr sy conivibution by Wu [1]7 on 2 perturbation merhod
for solving an optimal-arch buckling problem prompi= the pre-ent
Note on a elass of <uch problems.  Atreniion is restricted fo in-
exten~ional buckling in thetr planes of wiiformly loaded simply
supported avches, Fig. 1) the resuli~ are consequently applicable
ouly tooarches of opening angle 2e sufficiently large that antisvm-
mevieal buekling s evitienl, rather than the <ymmettieal snapping

as=u caled with shallow avehes.

Normal Pressure

17 the load per unit length ¢ is eonstdered 1o remain normal o
the arch, the appropriate Rayleigh quotieut for inestensional
antisvmmetrical buckling Is
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We week an area di~tribution .1(s) that maximizes ¢, ~ubjeci 1o

the voliime constraing
L
f Alsids = 1 (2)
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Fig. 1

Arch geometry, displacerment, and loading
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and a prescribed law of depeydence on .l of the moment of inertiz
fo The class of <iih lans 1o be considered i-
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{The casex n = 1, 2, 3 conrespoud, respectively, 1o hght-core
~indwiches ol constais

width and depth solid cro-~ <ections of
fxed =hape. and ~olid rectangnlar ~ections of con~tanr widih,
Other values of a might deseribe, at least approvmately, more
complicated de-izi

con=traint=. ) Then, nondimen~iaally, we

have Lo maximize with re=pect 1o 7 and mnnnmiee with respect 1o
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The volume ¢onstraint becomes

1
f rdt =1 )
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The IEuler equanions jplied hy & = 0 for admizsible &w for
simply supporled arches ave

ity + @tttz 4+ Az =0
at £=10,1

(6}
T =0
where 2 = w” + abe,
The optimality condition found by varving (4) with respeet to
7, with the side condition (3, 1s

71zt = const (7}

{In obtaining (75, it 1= recozgnized that the variation in i produced
by a variation in 7 does not, to first order, contnbuie 1o the
variaiion of A, since A i~ =tationary with respect to the eigenfune-
tlor ey Elimination of z {rom (G and (7) gives

AN nt1 m—1
() 4wt 0

(3)

For the caze n = 1, the avetem (8), i conjunetion with the con-
gtraint (3, has the «ohuion
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and




The uniforn arch has the eigenvalue Ay = 72 — &2 so that, for

n =1,
_ a) (1)

This relation 1= plotied in Fig. 2lord £ o £ 7.

For other values of n, closed solulions of {8) do not appear
po~zthle. But, by svmmeiry, /(1721 = 0, and <o a first integral
of 181 can be found in the form
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where #=17(1/2). Then, with the help of the substitutions
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the dependence of A on a cau be oxpressed parametricallv by way
of €in the form
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Fig. 2 Optimal buckling loads for arch ynder nermal pressure

Note that @ — @ for € — 0: and it is readily verified that o — 7

for e — =. Asvmpolie resulls for A/ Ay at the-e limil- are
p(’}jl :
0 A 1 (4 2)n 2 (13)
a = T Ty T 15
A 7 {n+ 1)
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A T )
=7 - = — (16)
a=m= N
(Ala =0, A A varies from (12/72) == 1216 for 2 = 110 (22, 7)
= 1.731 forn — =.)

Nuomerieal integration of (14) for intermediate values of «,
together with the end-point values provided by (13) and (16},
give the rvewults plotted in Fig. 2 forn = 2 and n = 3. Also
shown arc the approximate results of Wu (1] for the cuse n = 3.
which, a~ <een, ~tart losing acowrney rapidly a~ o appoaches 7.

The optimnng <hape 7(E) can he fonund from nunerical integra-
tion of
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Dead Pressure

Tt can be shown that il the loads ¢ are construined 1o vetain
their initial directions of applicattons duving  buckling, the
taxleigh guotient for antisymmetvical buekling of simply sup-
ported circudar arches can be written a-

g === (19)



where ¢ = (dw/ds) — (v/R).
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Note that (20) (which does not contain «) has precisely the same
form as the Rayleigh quotient for simple-support column
buckling. Hence, the results for optimal columuns found in [2]
forn = 1 and in [3] for n = 2 carry over direetly to the arch
under dead loading. In fact, these results are precisely those de-
termined for & = 0 in the case of normal pressure. Thus, for dead
loading, A/, for all ais given by equation (15). The correspond-
ing optimal shapes are easily found to be given parametrically
through a dummy variable w by

Nondimensionalization gives

. A (20)

T/% = sin? w
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The integral in (21) can, of course, always be evaluated ana-
lytically for integer values of n. Forn = 1, the very simple rela-
tion 7/ = 4£(1 — &) found in [2] is recovered.
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