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A Stretch/Bend Method for In Situ
Measurement of the
Delamination Toughness of
Coatings and Films Attached to
Substrates
A stretch/bend method for the in situ measurement of the delamination toughness of
coatings attached to substrates is described. A beam theory analysis is presented that
illustrates the main features of the test. The analysis is general and allows for the
presence of residual stress. It reveals that the test produces stable extension of delami-
nations, rendering it suitable for multiple measurements in a single test. It also provides
scaling relations and enables estimates of the loads needed to extend delaminations.
Finite element calculations reveal that the beam theory solutions are accurate for slender
beams, but overestimate the energy release rate for stubbier configurations and short
delaminations. The substantial influence of residual stress on the energy release rate and
phase angle is highly dependent on parameters such as the thickness and modulus ratio
for the two layers. Its effect must be included to obtain viable measurements of toughness.
In a companion paper, the method has been applied to a columnar thermal barrier
coating deposited onto a Ni-based super-alloy. �DOI: 10.1115/1.4001938�
Introduction
When films and coatings are deposited onto nonplanar compo-

ents, methods for in situ measurement of the delamination tough-
ess are sparse. The only viable methods have entailed indentation
y cones and wedges �1,2�. But these tests are difficult to quantify.
he purpose of the present article is to devise a quantitative test

hat has broader applicability. Its application to a thermal barrier
ystem is described in a companion article �3�. The concept for the
est is inspired by the notched four-point bend method �4,5� �Fig.
�. In this test, by imposing a bending moment, a delamination
xtends in the coating parallel to the substrate. A steady-state re-
ion exists, and the fracture toughness is ascertained from the
oment that causes the delamination to extend. This test has as-

ociated mode mixity ��50 deg. The implementation of this test
equires a planar substrate, and often, a stiffener must be bonded
o the top of the coating to assure delamination before yielding of
he substrate, as depicted in Fig. 1.

The concept for the present method is depicted in Fig. 2 for a
ylindrical substrate. However, the same concept can be applied to
any different geometries, including a flat substrate �Fig. 3�. The

asic notion is that a section of the substrate be removed by
lectro-discharge machining �EDM�, leaving an intact slender bi-
ayer beam comprising the substrate with attached coating. The
nsuing configuration is reminiscent of the notch bend test with
he distinction that the beam is supported rigidly at its ends.

For testing purposes, the specimen is placed within a tensile
ystem with the loads applied, as indicated in Fig. 2. By first using
ingle-center-point loading, a through-thickness crack is intro-
uced. Thereafter, by reverting to two-point loading, delamina-
ions are induced that extend parallel to the substrate. The associ-
ted loads are used to provide a measure of the delamination
oughness.

For general nonplanar substrates, a finite element method will
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be needed to ascertain the toughness from the loads, as illustrated
in the companion article. Before embarking on such tests, guide-
lines for specimen design, as well as estimates of the expected
loads, can be gained by invoking results generated by a beam
theory analysis for a planar substrate �Fig. 3�. Such analysis is
presented in this article. Beam theory solutions are derived for the
energy release rate and the compliance. The influence of residual
stress is incorporated in the analysis. Thereafter, the fidelity of the
results is checked using finite element analysis. Such analysis is
also used to ascertain the mode mixities.

2 Beam Theory Estimates

2.1 Energy Release Rates. The clamped bilayer beam, or
wide plate, having the geometry shown in Fig. 3, comprises two
homogeneous, isotropic materials. The deformations are governed
by the plane strain moduli in terms of the respective Young’s

modulus and Poisson’s ratio, Ē1=E1 / �1−�1
2� and Ē2=E2 / �1

−�2
2�. Prior to delamination, the bilayer has an equilibrated re-

sidual in-plane stress �xx in the upper layer �designated either
material 1 or coating� given by

�R�y� = �R
B�h1 + h2 − y

h1
� + �R

T� y − h2

h1
�, h2 � y � h1 + h2

�1�

where �R
B and �R

T are the stresses at the bottom and top of the
upper layer, respectively. The gradient of residual stress across the
upper layer is ��R

T −�R
B� /h1. The equivalent resultant force/length

and moment/length resolved about the centerline of the upper
layer are

FR =
1

2
��R

B + �R
T�h1, MR =

1

12
��R

T − �R
B�h1

2 �2�

In addition, the clamped beam is subject to symmetrically applied

transverse load/length, P �Fig. 3�b��. The vertical displacement at
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he load points � is measured relative to the unloaded, uncracked
eam.

The energy release rate due to P and �R can be computed based
n the reduced problem in Fig. 3�c�, characterizing changes in
eformation and stress due to the delaminations. Namely, residual
tress enters solely through the loads FR and MR applied to the
nds of the upper layer. This linear problem will be modeled using
he beam �wide plate� theory under the assumption that the vari-
us members are relatively slender. The accuracy of the beam
heory results will be assessed below using finite element results.

In the right half of the beam �Fig. 3�c��, the force/length F0 and
oment/length M0 in the lower layer between the crack ends are

nknown. Equilibrium requires that the moment and force in each
ayer are constant for 0�x�a. For the uncracked segment

M = M0 + M�, a � x � b

M = M0 + M� + P�x − a�, b � x � L �3�

ig. 2 „a… An optical image of the actual configuration used in
he companion paper comprising a columnar thermal barrier
oating deposited onto a Ni-based alloy; „b… a schematic of the
pecimen design and test procedure for the example of a coat-

ng on the periphery of a circular substrate. The precracking
ethod is illustrated on the top right, and the subsequent two-

oint loading for ascertaining the delamination toughness is on

ig. 1 A schematic of the notched four point bend test for
etermining delamination toughness, indicating the location of
onded stiffeners often need to assure delamination before
ubstrate yielding
he top left.

11009-2 / Vol. 78, JANUARY 2011
where M�=MR+FRd1+F0d2, with d1 and d2 as the distances of
the lines of action of the forces from the neutral bending axis of
the bonded bilayer. For x�a, the horizontal force/length is con-
stant �F=F0−FR�.

The strain energy SE in the half-section to the right of x=0 in
the reduced problem in Fig. 3�c� constitutes the sum of the bend-
ing and stretching energies in the two beams to the left at x=a and
in the bonded bilayer to the right of the crack tip. The result is
readily determined as

SE =
M0

2a

2B2
+

MR
2a

2B1
+

F0
2a

2Ē2h2

+
FR

2a

2Ē1h2

+
�M0 + M��2�L − a�

2B

+
�M0 + M��P�L − b�2

2B
+

�F0 − FR�2�L − a�

2�Ē1h1 + Ē2h2�
+

P2�L − b�3

6B

�4�

Here, B1= Ē1h1
3 /12, B2= Ē2h2

3 /12, and B is the bending stiffness
of the bonded bilayer given by

B = B1 + B2 + Ē1h1d1
2 + Ē2h2d2

2 �5�

with d1=h2+h1 /2−c, d2=c−h2 /2, and

c =
�Ē2h2

2 + Ē1�h1
2 + h1h2��

2�Ē1h1 + Ē2h2�

With P, FR, and MR prescribed, SE in Eq. �4� is the complemen-
tary potential energy of the clamped half-beam with equilibrium
being satisfied for all combinations of F0 and M0. Invoking the
principle of minimum complementary potential energy, F0 and M0
can be obtained by minimizing Eq. �5� with respect to these two
unknowns with the result

M0� a

B2
+

L − a

B
� + F0� �L − a�d2

B
�

= −
P�L − b�2

−
�MR + FRd1��L − a�

Fig. 3 Diagrams illustrating the mechanics methods used to
obtain the energy release rate on a planar system with residual
stress
2B B
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M0� �L − a�d2

B
� + F0� a

Ē2h2

+
�L − a�d2

2

B
+

L − a

Ē1h1 + Ē2h2
�

= −
Pd2�L − b�2

2B
−

�MR + FRd1�d2�L − a�
B

+
FR�L − a�

Ē1h1 + Ē2h2

�6�

ince F0 and M0 are linear �homogeneous of degree one� in P, FR,
nd MR, the SE is a quadratic function �homogeneous of degree
wo� of P, FR, and MR, as well as being a function of the delami-
ation crack length a

SE�P,FR,MR,a� �7�

or prescribed P, FR, and MR, the energy release rate is

G =
�SE

�a
�8�

he formula for G is too lengthy to provide analytical insights,
ut it is straightforward to use numerical differentiation of Eq. �8�
o evaluate G by using Eq. �4� in conjunction with Eq. �6�. Inspec-
ion of the formulae reveals that, in the absence of residual stress,
he energy release rate can be expressed in the normalized form

GĒ2h2
3/�PL�2 � ��a/L,h1/h2,E1/E2,b/L� �9�

n the presence of residual stress another nondimensional group is
equired, given by

R � �Rh1
2/PL �10�

asic results are illustrated in Fig. 4, absent residual stress, for
hree different ratios of elastic properties E2 /E1. All plots are for
quivalent thickness coating and substrate, as well as for loads
pplied at b /L=0.5. The two principal features are as follows:

�i� The energy release rate diminishes as the delamination
extends �at fixed load�. Consequently, upon equating the
energy release rate to the toughness, the delamination
progresses only upon increasing the load. Namely, crack
extension is stable.

�ii� The energy release rate decreases as the coating becomes
more compliant.

2.2 Compliance. The dependence of the load point deflection
on P, FR, and MR is obtained by noting that SE be equal to the

ork done by the three loads for the reduced problem in Fig. 4�c�.
o this end, let F= �P ,FR ,MR� and U= �� ,u ,��, where u is the
isplacement through which FR works and � is the rotation
hrough which MR works. Introduce the 3	3 symmetric compli-
nce matrix C, such that U=CF. For any loading sequence with a
xed

1

2
FU =

1

2
FTCF = SE �11�

ue to the quadratic dependence of SE on F, it follows that Cij
�2SE /�Fi�Fj. In particular, with

� = C11P + C12FR + C13MR �12�

he coefficients are

C11 =
�2SE

�2P
, C12 =

�2SE

�P � FR
, C13 =

�2SE

�P � MR

hese compliances, which depend on a but not on F, are also
eadily computed using numerical differentiation with Eqs. �4�
nd �6�. Standard formulas for second order partial derivatives
rovide exact results due to the quadratic dependence of SE on F.

he residual stresses contribute to the load-point displacement �

ournal of Applied Mechanics
due to coupling between the transverse loads and the residual
stresses in the cracked beam.

These compliances can be used to ascertain the delamination
length by periodic, partial unloading at various stages during
crack extension.

2.3 Influence of the Residual Stress. The residual stress in-
fluences the energy release rate in a complicated manner because
of its nonlinear interaction with other parameters in the problem.
Consequently, for this article, they are explored within a limited
parameter set. Namely, results are presented for a system having
the following characteristics described in the companion article:
modulus ratio E2 /E1�4 and thickness ratio in the range 1
�h1 /h2�3. To clarify some of the features, the results are pre-
sented using the following two schemes: ��1 /R� and ��R�.

Results for ��R� at two different thickness h1 /h2=1,3 are
plotted in Fig. 5�a�, covering a wide range of residual stress from
tensile �positive� to compressive �negative�. The trends for the
equithickness beams are rationalized in a straightforward manner.

Fig. 4 Beam theory predictions of the energy release rate as a
function of delamination length for cases with zero residual
stress. Also shown are selected finite element results for vari-
ous levels of the relative span h /L. All of the results are for
equi-thickness layers h2 /h1=1 and for a loading span b /L=0.5
but differing modulus ratios, as indicated on the figures.
Namely, because the applied load places layer #1 into tension and

JANUARY 2011, Vol. 78 / 011009-3
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ayer #2 into compression, a tensile residual stress in layer #1
ould be expected to elevate the stress and thus, the energy re-

ease rate, and vice versa, as evident in the plots.
The results for h1 /h2=3 are more surprising �Fig. 5�b��. They

re also the more relevant to the interpretation of the tests in the
ompanion article. For the longer delaminations �a /L�0.3�, the
nergy release increases regardless of the sign of the residual
tress. The characteristics become more apparent in the ��1 /R�
lot �Fig. 6�a��. This reveals that at 1 /R
20, the energy release
ate asymptotes to the solution absent residual stress. Moreover, at
higher residual stress, � can be fit by the parabolic formula

� � �0 + ��

�� = �R/R0�2 �13a�

here �for the parameter set chosen and a /L=0.4� �0�4.1
10−4 and R0=7.1. Converting Eq. �13a� back into dimensional

erms, the energy release rate becomes

G �
�0�PL�2

E2h2
3 +

1

R0
2�h1

h2
�3�R

2h1

E2
�13b�

amely, G is essentially the simple addition of the contributions
rom the load �first term� and the residual stress �second term�.
his is surprising since, not only is it not normally possible to add
nergy release rates but also the elevation in G regardless of sign
s unexpected. We are not able to provide a compelling argument
or this behavior except to invoke the rapid change in the phase
ngle that occurs as the residual stress increases, as elaborated
elow.

Equating G in Eq. �13a� to the delamination toughness �, the

ig. 5 Beam theory predictions of the energy release rate as a
unction of the level of residual stress in the coating for two
ifferent thickness ratios: „a… h1 /h2=1, „b… h1 /h2=3. All of the
esults are for E1 /E2=4 and a loading span b /L=0.5.
oad required for crack extension becomes

11009-4 / Vol. 78, JANUARY 2011
Pc =
1

�0
�h2

L
�	�E2h2
1 − � �R

2

�E2
� h1

4

h2
3
R0

2� �14�

Evidently, as the residual compression increases, the delamination
extends at lower load, regardless of the sign.

The behavior for shorter delaminations is more nuanced �Figs.
5�a� and 6�b��, especially in the range wherein � decreases as
1 /R decreases. In this range, the rate of change in � with R

dictates that the delamination load Pc increases as the residual
compression increases analogous to the behavior in equithickness
systems �Fig. 5�a��. A detailed interpretation has not been pursued.

3 Finite Element Comparison
A finite element analysis has been conducted for the configura-

tions that duplicate the results presented on Figs. 4 and 5. The
analysis is conducted using the finite element code ABAQUS. The
energy release rates are calculated as well as the mode mixity
using standard procedures �6�. When the results are superposed in
Fig. 4, it becomes apparent that the beam theory solution is accu-
rate �to within 10%� provided that the delamination length is suf-
ficiently large �a /L
0.2� and that the beams are slender �L /h
�10�. Calculations conducted in the presence of residual com-
pressive stress are superposed in Fig. 6. The implications are es-
sentially the same. Namely, the beam theory results are accurate
except for stubby beams with short delaminations. Often, practical
limitations require that tests be performed with dimensions and
properties outside this range. When such circumstances apply,
toughness levels must be ascertained from the measurements by
means of numerical results. An illustration is presented in the
companion article.

The mode mixities � corresponding to these energy release

Fig. 6 Beam theory predictions of the energy release rate as a
function of the inverse residual compression in the coating for
two different delamination lengths: „a… a /L=0.4 and „b… a /L
=0.1. Also shown are selected finite element results for various
levels of the relative span h /L. All of the results are for h1 /h2
=3, E1 /E2=4, and for a loading span b /L=0.5.
rates are illustrated for long delaminations in Fig. 7. For this con-
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guration, there is a rapid change in � with residual stress that is
lmost symmetric about zero. Namely, for large residual compres-
ion, the delamination is almost mode II ���80 deg�, this angle
ystematically diminishes as the stress deceases and is about mode
���0 deg� when the stress is zero. Then, when the stress be-
omes tensile the angle increases again, but now with opposite
ign, and approaches mode II again at high stress. It should be
mphasized that this symmetry is specific to the parameters used
n the analysis. Beams with different choices of the thickness,

odulus ratios, and delamination lengths would not behave in the
ame manner.

The following interpretation is suggested by the basic mechan-
cs of the relative contributions to the mode I and II stress inten-
ities �KI ,KII� from the axial force/width p and bending moment/
idth m associated with the stress state in layer #1. In the simplest
anifestation �neglecting the contributions from the substrate� �7�

KI = 0.44phi
−1/2 + 2.7mh1

−3/2

KII = 0.56phi
−1/2 − 2.1mh1

−3/2 �15�
or thin substrates, the neutral axis due to the applied load resides

n layer #1, causing the contributions to KI and KII from p and m
o be comparable. Consequently, in the absence of residual stress,
or the parameters applicable to Fig. 7, KII�0 is negative and KI
s positive. The residual stress, being spatially uniform, does not
enerate a moment. It contributes only through p �positive for
ension and negative for compression�. Accordingly, KII becomes

ig. 7 The mode mixity „phase angle… as a function of the re-
idual stress. The results are for a /L=0.4, h1 /h2=3, E1 /E2=4,
nd for a loading span b /L=0.5.
onzero and increases as the residual stress increases, with differ-

ournal of Applied Mechanics
ent signs for tension and compression. This feature is apparent in
Fig. 7. That the energy release rate created by the applied load is
essentially mode I while that from the residual stresses is largely
mode II is believed to be the basis for the additive nature of the
energy release rates implicit in Eqs. �13a� and �13b�.

4 Concluding Remarks
A test has been designed that can be used to measure in situ the

delamination toughness of coatings or films attached to compo-
nents. This is achieved by removing a section of the substrate by
EDM, leaving a slender coating/substrate bilayer attached to the
remainder of the component. When loaded, the bilayer behaves as
a beam rigidly supported at its ends. Analysis of the test is pre-
sented for a planar system, whereupon the beam theory can be
used to estimate the energy release rates and compliances. Such
results, derived with and without residual stress, facilitate speci-
men design and provide estimates of the loads needed to extend
delaminations. For actual configurations, which may be nonpla-
nar, finite element analysis would be needed to ascertain the
toughness from the loads, as exemplified in a companion paper.

The beam theory results reveal that the test produces stable
extension, rendering it suitable for multiple measurements on a
single test. Namely, the load needed to continue extension of the
delamination Pc increases as it lengthens. Finite element calcula-
tions affirm that these solutions are accurate for slender beams and
long delaminations, but overestimate the energy release rate for
stubbier configurations and short delaminations. The change in the
energy release rate due to residual compression in the coating has
been explicitly addressed for long delaminations. The results re-
veal that Pc always decreases as the residual stress increases, de-
spite the requirement that, for the crack to extend, the tensile
strain due to the bending must first overcome the residual com-
pression.
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