
Yong Jianga, Yueguang Weib, John. R. Smitha, John W. Hutchinsonc, Anthony G. Evansa,*
a Materials Department, University of California, Santa Barbara, CA, U. S. A.
b Institute of Mechanics, Chinese Academy of Sciences, Beijing, China
c School of Engineering and Applied Sciences, Harvard University, Cambridge, MA, U. S. A.

First principles based predictions
of the toughness of a metal/oxide interface

We describe a first-principles-based strategy to predict the
macroscopic toughness of a c-Ni(Al)/a-Al2O3 interface.
Density functional theory calculations are used to ascertain
energy changes upon displacing the two materials adjacent
to the interface, with relaxation conducted over all atoms lo-
cated within adjoining rows. Traction/displacement curves
are obtained from derivatives of the energy. Calculations
are performed in mode I (opening), mode II (shear) and at a
phase angle of 458. The shear calculations are conducted for
displacements along <110> and <112> of the Ni lattice. A
generalized interface potential function is used to character-
ize the results. Initial fitting to both the shear and normal
stress results is required to calibrate the unknowns. There-
after, consistency is established by using the potential to pre-
dict other traction quantities. The potential is incorporated as
a traction/displacement function within a cohesive zone
model and used to predict the steady-state toughness of the
interface. For this purpose, the plasticity of the Ni alloy must
be known, including the plasticity length scale. Measure-
ments obtained for a c-Ni superalloy are used and the tough-
ness predicted over the full range of mode mixity. Additional
results for a range of alloys are used to demonstrate the influ-
ences of yield strength and length scale.

Keywords: Toughness; Interface; Density functional theory;
Multi-scale modeling; Cohesive zone

1. Introduction

Research on bi-material interfaces has aspired to a compu-
tational framework for predicting the engineering adhesion
(interface toughness), by starting from basic aspects of
atomic bonding [1%4]. While the concept (Fig. 1) is well-
established, a full (quantitative) implementation has been
recent [4]. The elements are as follows.
Step I: A traction-separation relationship for the inter-

face is computed using density functional theory
(DFT). This relationship becomes the separation
criterion for the interface, implemented as a cohe-
sive zone (CZ).

Step II: The CZ is embedded within an elastic/plastic fi-
nite element scheme for calculating the fracture
resistance. This step incorporates the multiplica-
tive influence on the fracture resistance of the
plastic dissipation occurring in one (or both) of
the adjoining materials.

Step III: To generate viable results, the length-scale asso-
ciated with the plastic deformation must be in-
cluded. Otherwise, the stress in the cohesive zone
never attains the bond rupture stress. The length-
scale is determined from nano-indentation tests
conducted on the material immediately adjacent
to the interface [4, 5].

The influence of mode mixity is fundamental. Among tech-
nologically important adhesion challenges, the interface
loading ranges from pure mode I (opening) to pure mode II
(shear) and many intermediate (mixed mode) combinations
[6, 7]. Consequently, to solve practical problems, the tough-
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ness must be characterized over the full range (phase angle w
between –908 and 908). The recent implementation [4] has
been conducted for an interface between a-Al2O3 and c-Ni.
The method for relating the tractions to the interface tough-
ness is illustrated in Fig. 1. The present article details the role
of density functional theory. Specific results are provided for
a stoichiometric interface [8%10]. The methodology where-
by the DFT results are used to affirm and validate a general-
ized potential function for the interface is described. The im-
plementation of this function for the predicting the interface
toughness is presented and implications discussed.

2. The methodology

The ensuing analysis is presented for the stoichiometric
c-Ni (111) (

ffiffiffi
3
p 3 ffiffiffi

3
p

)/a-Al2O3 (0001) (1 · 1) interface
(Fig. 2) [8]. The super-cell used for the calculations includes
8 Ni layers, 12 Al layers and 6 oxygen layers. To determine
the total-energy, all possible configurations are assessed for
each Ni, Al, and O site: symmetry is not enforced. The general-
ized gradient approximation (GGA) is used for the exchange-
correlation potential. The projector-augmented plane wave
method [11] is employed to solve the Kohn%Sham equations.
The energy cutoff for the plane wave basis set is taken to be,
Ecut = 400 eV. To attain equilibrium, relaxations that reduce
the total energy are conducted until the net force on each atom
falls below a threshold of 20 meV Å – 1 (1 eV Å – 1 = 1.6 nN).
In the model (Fig. 3), the upper and lower blocks are displaced
rigidly, with two interfacial rows of Ni atoms permitted to re-
lax, as well as two rows of O and four rows of Al atoms. Each
calculation is performed by displacing the material blocks in a
manner consistent with either opening, shear or mixed mode

and allowing the rows of atoms on either side of the interface
to relax until the net force on each diminishes below the thresh-
old. The calculation is repeated for a sequence of displace-
ments until either the energy difference reduces to zero (open-
ing and mixed mode) or a periodic energy state is obtained
(shear). The energy%displacement, W(d), curve calculated in
this manner is differentiated to obtain the tractions, T(d), as il-
lustrated for normal separation on Fig. 1.

To determine the interface toughness from W(d), over the
full range of mode mixity, a general form for the potential
function has been identified, with unknowns to be obtained
by fitting to the DFT results for both shear and normal se-
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Fig. 1. The concept of using density functional
theory calculations of the traction–displace-
ment relation for interface separation as input
to a finite element calculation of the interface
toughness. For the latter, a plasticity length
scale is required to obtain viable solutions.

Fig. 2. The atomic arrangements for the Ni/a-Al2O3 interface used for
the assessments conducted in this article.



paration. Extended from earlier work [1%3, 12, 13], the po-
tential function has the form:

Wðd1; d2Þ ¼ Wsep 1% 1þ d2

d̂

; <
exp % d2

d̂

; <D
þ f ðd1Þ 1þ 1þ bð Þ d2

d̂

> ?
expð% d2

d̂
Þ
E

ð1Þ

Here d2 is the increase in the normal separation between the
bulk Ni and alumina on either side the atomic layers being
relaxed (relative to the equilibrium spacing). This definition
is consistent with the implementation of displacements when
embedded within the cohesive zone, described below. While
d1 is the relative displacement in the 1-direction, parallel to
the interface. The displacement at which the normal traction
exhibits a maximum is designated d̂; b is a dilatation coeffi-
cient and f (d1) is the shape-function governing shear. Once
b and f (d1) have been determined from a few judiciously se-
lected DFT calculations, the tractions derived from (1) can
be used as direct input to finite element calculations:

T1 0 qW

qd1
¼ Wsep

df ðd1Þ
dd1

1þ ð1þ bÞ d2

d̂

> ?
exp % d2

d̂

; <
ð2aÞ

T2 0 qW

qd2
¼ Wsep

d̂

d2

d̂
% 1þ bð Þ d2

d̂
% b

; <
f ðd1Þ

> ?
& exp % d2

d̂

; <
ð2bÞ

For normal tractions, T2ðd1 ¼ 0Þ, (1) reduces to the “uni-
versal” potential [13]. Results have been calculated pre-
viously for the stoichiometric interface [8] (Fig. 1): wherein
the work of separation is determined from the area under
the curve, Wsep = 1.13 J m – 2, and the bond strength ascer-
tained from the maximum, r̂ = 8.3 GPa, with the displace-
ment at that stress given by, d̂ = 0.5 Å. The procedure for

determining the shear and mixed mode tractions is pre-
sented for d1 displacements along two directions with re-
spect to the Ni lattice (Fig. 2);
(i) Displacements along <110> (the Burgers direction for

fcc–Ni), represent the smallest repeat distance, but in-
volve mid-distance interference between atoms across
the interface;

(ii) Those along <112> represent a larger repeat distance,
but with reduced interference because of the mirror
symmetry (evident in the plan view). It remains to as-
certain the direction having the lower toughness.

3. Calculation of the relevant tractions

Before proceeding, context governing the cohesive zone
parameters to be used in toughness determination and the
total number of atomic layers, N, used in the DFT relaxation
procedure is provided by the following considerations.
(i) The work of separation, Wsep, and the maximum stress

for normal separation, r̂, are independent of N, pro-
vided that enough layers have been taken to fully cap-
ture relaxation effects.

(ii) Full interface potentials independent of N can be ascer-
tained by subtracting the small elastic displacements
[14, 15].

(iii) For cohesive zones embedded within plastically de-
forming solids [2, 16] Wsep, as well as the peak stresses
for normal separation, r̂, and shear, are the three pa-
rameters having the primary influence on the macro-
scopic toughness.

Details related to the specific functional shape of the separa-
tion behavior have a relatively weak influence. As a conse-
quence of these three features, the potential from the entire
atomic multi-layer has been chosen to characterize the cohe-
sive zone, without subtracting the elastic displacements.

The role of the constraints used in the DFT calculations
also merits discussion. The constraint boundary conditions
at a crack are controlled by local stress%strain fields. In
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Fig. 3. The model used for calculating the
traction-displacement functions. In order to
find the energy minimum, the atoms within
several rows adjacent to the interface are re-
laxed in the (1, 2) plane until the forces on
all atoms drop below 20 meV Å. Outside this
domain the Ni and a-Al2O3 are displaced ri-
gidly to a specified location and the energy
calculated. (a) A typical displacement for nor-
mal separation of the interface. (b) Displace-
ments for constrained shear. The equilibrium
interface spacing is D0.



turn, these depend on the interface characteristics. In the
computational model of the toughness [4], the potential ad-
justs to the actual local constraints. Namely, given an accu-
rate representation of interface separation, the models
accommodate any combination of local constraints. An ex-
ample is presented in Section 5 for a mode II interface
crack. The task assigned to DFT is thus to identify the shape
function f (d1) and the dilatation parameter b and to estab-
lish that the potential is accurate for the full range of possi-
ble constraints. The constraints used are not intended to re-
flect those involved in interface crack extension.

To establish consistency, and to provide the highest fide-
lity, two limiting boundary conditions are employed to
compute f (d1) and b:
(i) constrained shear with d2 = 0 and
(ii) unconstrained shear with T2 = 0.
Constrained shear results are obtained by enforcing a series
of small displacements, d1, along the shear direction 1, relax-
ing all of the atoms around the interface, and then determin-
ing the energy. A transverse compression is induced
(Fig. 3b). The magnitude of this compression is calculated
by perturbing through a small displacement in the 2-direc-
tion, dd2, relaxing again, and re-computing the energy. Upon
repeating for several displacements, the derivative of this en-
ergy with dd2 gives the traction T2 at the designated d1. The
compressions induced are expected to be large in magnitude
because all of the elasticity is confined to the few atomic
layers over which the DFT calculations are conducted (the
outer blocks are rigid). The situation is closely analogous to
the stresses induced around an array of dislocations [17]. Un-

constrained shear results are obtained by imposing a displa-
cement in the 1-direction d1, computing the energy change
at that d1 upon imposing small displacements in the 2-direc-
tion, dd2, until a location is found where the net T2 traction
is zero. This process is repeated for each d1 until a full ener-
gy%displacement curve has been generated. Recall that, in
all calculations, the near-interface layers are allowed to relax
fully in response to the imposed displacements, until the
force on each atom converges to < 30 nN. Similar DFT meth-
ods have been used to examine shear phenomena in other
systems [18, 19]. The energetics involved are plotted on
Fig. 4, with respect to the equilibrium state. Note that for
both the <112> and <110> directions, the two different con-
straints have similar effects on total energies, largely due to
local relaxation at the interface.

To illustrate the importance of relaxation, calculations
for an un-relaxed shear are superimposed on Fig. 4. The
large barriers (at d1 = 1.35 Å along <110> and 3.0 Å along
<112>) reflect unfavorable atomic arrangements across the
interface and consequently, a significant increase in total
energy. At those unfavorable configurations, evident in the
plan views of the atom positions (Fig. 4), the outmost
Ni atoms reside at hollow or bridge sites displaced from
their most favorable locations above the O atoms of the
a-Al2O3 [8%10]. The atomic rearrangements enabled by lo-
cal relaxation effectively mitigate these barriers.

The derivative of the total energies gives the tractions,
T1. Those for constrained shear along <112> are plotted on
Fig. 5a. The Burgers vector is, b112 = 4.54 Å, and the peak
stress, T̂1 = ± 7 GPa at d = 1.0 Å. Note that the curve lacks
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(a) (b)

Fig. 4. The total energy changes under different constraint conditions. Plan views of the interface region show the interference between atoms.
(a) Upon displacing along <112>. (b) Displacements along <110>.

(a) (b)

Fig. 5. The (a) shear and (b) normal tractions
calculated for constrained shear along <112>.
The corresponding results for unconstrained
shear are included in (a) for the shear trac-
tions. The fit to the shear tractions to obtain
f ðd1Þ is shown in (a). The predictions made
using this fit and b = –0.5 shown in: (a) for
unconstrained shear and (b) the normal stress
induced by constrained shear.



symmetry about zero, because of the asymmetric arrange-
ment of the Ni (relative to Al) atoms. The corresponding
results along <110> are plotted on Fig. 6a. The repeat dis-
placement is now, b110 = 2.7 Å, and the peak stress,
T̂1 = ± 6.4 GPa at d1 = 1 Å. Symmetry is retained. The in-
duced compressive stresses, T2, calculated for shear along
<110> are plotted on Fig. 5b and those along <112> on
Fig. 6b. Note that these stresses are substantial and compar-
able in magnitude to the shear tractions, as in the analogous
situation for an array of dislocations [17]. The correspond-
ing T1 tractions calculated for unconstrained shear are
superimposed on Figs. 5a and 6a. Note that the absence of
constraint changes the peak traction by only about 5 %, con-
sistent with the small differences between constrained and
unconstrained total energies (Fig. 4).

The similarity between the constrained and unconstrained
total energies and shear tractions (Figs. 4a, b, 5a, and 6a) im-
plies that the toughness predictions are insensitive to the spe-
cific constraints that develop on the cohesive zone, enabling
us to proceed with the knowledge that our method is robust.

A consistency-check is provided by conducting calcula-
tions for displacements along a 458 orientation with respect
to the interface (Fig. 7). For this purpose, the blocks are dis-
placed by d1 ¼ d2 ¼ d45=

ffiffiffi
2
p

and the atoms in the interfacial
layer relaxed along the 1 and 2 directions until the net force
on each again converges to the threshold. The correspond-
ing energy, W45ðd45Þ, is computed. The derivative gives
the net traction along the 458 direction, T45ðd45Þ. The results
for in-plane displacements along <112> are plotted on
Fig. 7 (red dots). Note that the work of separation (the area
under the curve) is precisely the same as that obtained under
normal separation (Fig. 1), because no interface disloca-
tions have been generated nor atomic positions inter-
changed during the separation process.

4. The potential function

The DFT results from either of the two limiting boundary
conditions could be used to determine the two unknowns
in the potential function, f (d1) and b. For constrained shear,
(1) and (2) give

W ¼ Wsep f ðd1Þ; T1 ¼ Wsep
d f ðd1Þ

d d1
;

T2 ¼ b
Wsep

d̂
f ðd1Þ ð3Þ

Thus, f(d1) is obtained directly from T1(d1), while b is deter-
mined from a best fit to T2(d1). Using T1(d1) from Figs. 5a
and 6a, along with Wsep from Fig. 1, a Fourier series has been
used to represent f(d1). To obtain the fits presented on Figs. 5
and 6, five series terms were used for shear along <110>;
while, due to the secondary peak, nine terms were required
along <112>. Following determination of f(d1), the normal
stresses T2(d1) have been calculated from (3) for a range of
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(a) (b)

Fig. 6. The shear and normal tractions calcu-
lated for constrained shear along <110>. The
corresponding results for unconstrained shear
are included in (a) for the shear tractions.
The fit to the shear tractions to obtain f ðd1Þ
is shown in (a). The predictions made using
this fit and b = –0.5 are shown in: (a) for un-
constrained shear and (b) the normal stress in-
duced by constrained shear.

Fig. 7. The DFT calculations for mixed mode displacements at 458
with shear along <112>. Also shown are the predictions made using
the same f ðd1Þ, again with b = –0.5.



possible values of b (Figs. 5b and 6b). For both directions, a
best fit to the DFT results is found for b & –0.5. Equivalent
determinations could be obtained using the unconstrained
shear results, wherein T2 = 0 implies

d2

d̂
¼ % bf ðd1Þ

1% ð1þ bÞf ðd1Þ ð4Þ

such that f(d1) and b can be obtained by simultaneously fit-
ting either W(d1) in Eq. (1) or T1(d1) in Eq. (2a) and d2(d1)
in Eq. (4).

With both unknowns now determined, predictions from
the potential function of Eq. 3 with b = – 0.5 can be com-
pared with other DFT results. As one check, the potential
has been used to reproduce the DFT unconstrained shear re-
sults in Figs. 5a and 6a. For another, the tractions caused by
the 458 displacements have been calculated using (Fig. 7):

dW ¼ T1dd1 þ T2dd2 ¼ T45o dd45o ð5Þ
with d45o ¼ ffiffiffi

2
p

d1; ðd1 ¼ d2Þ. A small discrepancy exists be-
tween the DFT results and those predicted by the potential. It
remains to determine the source of the discrepancy. Never-
theless, the ability of the potential Eq. (1) to adequately char-
acterize such a wide range of separation characteristics pro-
vides confidence for its use within a cohesive zone in the
ensuing toughness model.

5. The interface toughness

The preceding traction relations enter into a finite element
scheme for predicting the interface toughness [4]. The pro-
cedure is demonstrated for a system of practical interest in-
volving the Ni (Al, Cr, Co, Y) bond coat alloys used for the
oxidation protection of Ni-superalloys. Upon a-Al2O3 for-
mation during high temperature exposure, the alloy closest
to the interface becomes Al depleted and develops a com-
position in the c-phase field [20]. The properties of the al-
loy in this field are most pertinent to the assessment of the
adhesion. Moreover, loss of adhesion (when it happens)
typically occurs after cooling [7], so the properties at ambi-
ent are relevant.

The properties pertinent to a commercial alloy are [5]:
Young’s modulus, ENi = 170 GPa, Poisson ratio, m = 0.3,
yield strength, rY = 700 MPa, coefficient for power law
strain hardening, N = 0.2. The plasticity length scale has
been estimated from nano-indentation measurements as,
‘ = 50 nm [21]. The reader is referred to Wei and Hutchinson
[4, 22] for a detailed description of the length-scale and how
it enters into the constitutive representation for the plasticity
used in the toughness model. The plastic zone size in the
Ni alloy is scaled by a second length parameter

R0 ¼ 1
3p 1% m2ð Þ

ENiWsep

r 2
Y

ð6Þ

For the stoichiometric interface, R0 = 46 nm, r̂=rY = 11.9
and l=R0 ffi 1 [4]. For this limited set of conditions, the
macroscopic interface toughness, Css, has the following
functional dependence [3, 4, 18]:

C ss ¼ Wsep F
r̂

rY
;
‘

R0
;w

; <
ð7Þ

where F is a dimensionless function capturing the tough-
ness enhancement above the atomistic work of separation.
The toughness model is formulated for steady-state crack
growth, and Css is the associated critical energy release rate
[3, 4, 22]. The toughness envelopes calculated for displace-
ments <112> and <110> are plotted on Fig. 8a. The small
difference between the two orientations under nominal
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Fig. 8. Macroscopic mixed mode toughness for the stoichiometric
c-Ni/a-Al2O3 interface. The parameters characterizing the interface
potential have been determined from DFT calculations described in
the text. Elasticity parameters are also specified in the text. (a) The pa-
rameters specifying the plasticity of the Ni alloy are rY = 700 MPa,
R0 = 46 nm, ‘ = 46 nm (‘=R0 = 1). (b) The effect of decreasing the Ni
alloy yield strength from rY = 700 MPa to 600 MPa. (c) The effect of
increasing the plasticity length parameter for the Ni alloy from
‘ = 46 nm to 92 nm.



mode I (w = 08) is attributed to the elastic asymmetry that
creates some plastic shearing of the Ni at the tip: that is,
the local conditions are not strictly mode I [6]. For the same
reason, the mixed mode toughness curves are not sym-
metric about w = 08. The multiplicative enhancement of
the toughness above Wsep is due to the plastic dissipation
in the Ni alloy. In the presence of a significant mode II com-
ponent, the toughness is further amplified, because addi-
tional plasticity is induced in the Ni by the extra shear. The
similarity in toughness between the two directions, <112>
and <110>, reflects the closeness in the shearing curves
before the peak (Figs. 5a and 6a), with the understanding
that the tractions are dominated by the exponential term,
exp(– d2/d̂), in (2): namely, the “tail” of the shearing input,
f(d1), beyond the peak, has little influence.

The nature of the constraints has been examined by cal-
culating the normal displacements, as a function of the dis-
tance from the crack front. An example for a near-mode II
crack (phase angle, w = 868 extending along <110> is pre-
sented on Fig. 9. Note that the crack is open up to the end
of the cohesive zone so that there is no crack face friction.
The tractions on the cohesive zone thus comprise shear with
a small normal tension. The result is essentially the same
for extension along <112>. This stress state causes the
toughness predictions for this interface to be insensitive to
the magnitude of b [4].

Two additional sets of simulations have been used to
highlight the roles of plasticity and of the interface strength,
r̂. Results presented in Fig. 8b have been computed with
precisely the same physical parameters except that the yield
strength of the Ni has been decreased by 15 % from 700 to
600 MPa. This small reduction doubles the toughness over
the entire range of mixity. The primary factor enhancing
the toughness is the increase in r̂=rY (from 11.9 to 13.8)
even though ‘=R0 also decreases (from 1 to 0.73), [4]. This
example emphasizes that, despite the direct scaling of the
toughness with the work of separation, the interface
strength is the dominant parameter, through its role in deter-
mining the plastic dissipation.

The effect of changing only the plasticity length parame-
ter, from 46 nm to 92 nm (such that ‘=R0 is doubled), with
r̂=rY unchanged, is presented on Fig. 8c. This increase in

length scale causes a 30 % reduction in the toughness. This
parameter in the plasticity theory controls the stress eleva-
tion near the crack tip due to local plastic strain gradients.
The larger ‘, the higher the crack tip stresses, and the more
readily the interface separation conditions are met. Lower
toughness is the consequence. These trends further empha-
size the important role of the interface strength, since local
stresses acting on the interface must attain levels set by r̂,
otherwise the crack cannot propagate.

6. Concluding comment

The preceding assessment has highlighted the use of the in-
terface potential function as an effective way to incorporate
first principles results for the separation of interfaces into
computational models for toughness. The potential must
be calibrated by using a combination of DFT results ob-
tained for normal separation and for shearing displace-
ments. The latter can be tested by using either constrained
or unconstrained shear conditions to represent all possible
levels of local stresses on the cohesive zone. It was found
that the DFT shear results critical to toughness computa-
tions were insensitive to such constraints, an indication of
robustness of the method. For viability, it must be demon-
strated that the potential is accurate for a full range of mixed
mode atomistic simulations, as illustrated by the potential
invoked in this article, which captures all features relevant
to the macroscopic toughness model.
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