
Journal of the Mechanics and Physics of Solids
50 (2002) 2669–2690

www.elsevier.com/locate/jmps

Particle impact on metal substrates
with application to foreign object damage

to aircraft engines
Xi Chen∗, John W. Hutchinson

Division of Engineering and Applied Sciences, Harvard University, Cambridge, MA 02138, USA

Received 31 January 2002; accepted 11 March 2002

Abstract

Foreign object damage (FOD) occurs when hard, millimeter-sized objects such as gravel or
sand are ingested into aircraft jet engines. Particles impacting turbine blades at velocities up to
about 300 m=s produce small indentation craters which can become sites for fatigue crack initi-
ation, severely limiting the lifetime of the blade. A framework for analyzing FOD and its e5ect
on fatigue cracking is established in this paper. Finite element analysis is used to determine the
residual stresses and geometric stress concentration resulting from FOD. The roles of material
rate sensitivity and inertia are delineated. The most important non-dimensional parameters gov-
erning impact indents are identi7ed, signi7cantly reducing the set of independent parameters. The
second step in the analysis focuses on the potency of cracks emerging from critical locations
at the indents. The results have been used to address the question: When and to what extent
do the residual stresses and stress concentration caused by FOD reduce the critical crack size
associated with threshold fatigue crack growth? For deep indents, it is found that elastic stress
concentration is the dominant factor in reducing critical crack threshold when the applied cyclic
load ratio, R, is large, otherwise the residual stresses are also important. Comparisons with a
set of experiments conducted in parallel with the theory show that the numerical approach can
account for various phenomena observed in practice. ? 2002 Elsevier Science Ltd. All rights
reserved.
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1. Introduction

During the course of their lives, the engines of aircraft, both military and civil, ingest
foreign objects of various sorts. Ingestion of stones, sands, debris, rivet mandrels, bits of
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tire, etc, is referred as “hard body” ingestion. The resulting damage is called foreign
object damage or simply, FOD (Cowles, 1996; Larsen et al., 1996). FOD by hard
particles mainly occurs during motion of the aircraft on the air7eld, during takeo5 and
landing. Typically, the sizes of these hard particles are in the millimeter regime, with
impact velocities determined primarily by the blade speed and in the range of 100–
350 m=s, depending on the speci7c engine (Ritchie et al., 1999a). Most FOD occurs as
damage to the leading edges of the front end, low-temperature turbine blades, typically
made of Ti–6Al–4V alloy (Nicholas et al., 1980). FOD can cause signi7cant amounts
of damage to the blades and vanes in the compressor section of an engine. Smaller-sized
foreign objects also strike the turbine blades in the high-temperature turbine section of
gas turbine engines, causing severe damage to the thermal barrier coatings (Nicholls
et al., 1997; Chen et al., 2002).

The typical load history experienced by an engine blade includes low-cycle fatigue
(LCF) loading due to normal start–Jight–landing cycles, and high-cycle fatigue (HCF)
loading due to vibrations and resonant airJow dynamics, often superimposed on a
high mean stress (Cowles, 1996; Mall et al., 2001). Under such cyclic loads, the
micro-structural damage caused by FOD can lead to fatigue crack formation and prop-
agation, thereby degrading component lifetime and causing unexpected HCF failures
in critical engine components (Nicholas, 1999; Ritchie et al., 1999b; Peters et al.,
2000). To investigate the inJuence of FOD on the HCF properties of Ti–6Al–4V alloy,
experimental simulation has been conducted by Peters et al. (2000). In their experi-
ments, hardened steel spheres (with diameter 3:2 mm) were used to normally impact
a Jat Ti–6Al–4V alloy specimen at 200–300 m=s. Scanning electron micrograph of
impact damage site is presented in Fig. 1(a) for 300 m=s FOD. After impact, the spec-
imens were cycled at a maximum nominal stress of 500 MPa (about half of the yield
stress of Ti–6Al–4V) at a cyclic load ratio of R = 0:1. The authors found that FOD
provides sites for the initiation of small radial fatigue cracks, which then propagate un-
der the HCF spectra of large numbers of cycles (¿109). For the lower-speed impacts
(200–250 m=s), crack initiation was observed to occur at the bottom of the indent at
about 65,000 cycles, and the crack size was doubled after another 5000 cycles. For the
300 m=s high-speed impact, a prominent crater rim was produced and this turns out to
be the site of the crack initiation after 35,000 cycles, which then grew to 6 times of
its original size after another 10,000 cycles, as shown in Fig. 1(b). In both cases, the
shape of the growing fatigue crack is almost semi-circular.

Of particular signi7cance is the 7nding of Peters et al. (2000) that crack initiation
in the vicinity of FOD occurs at cycle lifetimes that are orders of magnitude lower
than found for un-impacted specimens. High-speed impacts were also observed to have
caused micro-structural distortion in the form of shear bands emanating from the surface
of the crater of 300 m=s FOD, although it was not evident that they had any e5ect on
the fatigue life. Shear bands were not observed for lower-speed impacts.

Due to its inJuence on the high-cycle fatigue properties of key engine components,
as described above, FOD is a prime cause for maintenance and repair in aircraft en-
gines. The resulting costs of damage have been estimated at $4 billion annually for the
civil aerospace industry, and the maintenance budgets for the UK and US Air Forces
run into many millions of dollars each year, just attributable to FOD (Boyce et al.,
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Fig. 1. Scanning electron micrograph showing (a) the impact site and (b) the growth of fatigue cracks
initiated at 300 m=s FOD (Peters et al., 2000). The progressive position of the crack front is marked on the
fracture surface as a function of number of load cycles (with maximum nominal stress of 500 MPa at a load
ratio of 0.1). Courtesy J.O. Peters.

2001b). Despite the importance of this problem, current lifetime prediction and de-
sign methodologies for turbine engines still rely principally on empirical safety factors
to account for FOD, rather than on an approach-based understanding of the salient
mechanisms involved. One of the biggest challenges in the prevention of FOD-related
failures lies in understanding the nature of the damage caused by the FOD impact.
The extremely high number of cyclic loads typical of in-Jight loading dictate that a
defect-tolerant design approach be based on a crack propagation threshold, to ensure
that the HCF-critical turbine components are operated below the fatigue crack propaga-
tion threshold NKTH. Only then, can one be con7dent that signi7cant crack propagation
will not occur within 109 cycles (Boyce and Ritchie, 2001a).

Three elements of the mechanics of FOD need to be addressed:

(i) Stress concentration by the FOD-induced impact sites: FOD creates stress-raising
indents that change the local stress pattern in the vicinity of the impact sites under
applied load.

(ii) Residual stresses induced by the FOD impact: FOD induces a residual stress
7eld due to the plastic deformation associated with the indent, which increases (or
decreases) the stress acting on a small fatigue crack initiated at the site. As such, the
residual stress can have profound inJuence on whether a putative fatigue crack grows
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into a full-Jedged fatigue crack, determining its location, initiation and propagation
when superimposed with cyclic loading and stress concentration (Boyce et al., 2001b;
Peters et al., 2002).

(iii) FOD-induced micro-cracking and micro-structural distortion (i.e. shear bands,
local texturing): In blade alloy Ti–6Al–4V, micro-cracks are observed at the crater rim
of the damage site when the impact velocity is larger than 300 m=s. The presence of
such micro-cracks provides a potent site for fatigue cracks to nucleate under high-cycle
fatigue loading (Peters et al., 2000, 2002).

As already mentioned, most FOD occurs as damage to the leading edges of tur-
bine blades. However, in this study, to gain insight into the interaction between FOD
and fatigue cracking, we have considered the less frequent form of FOD wherein the
damage is assumed to occur away from the edge. The present paper generalizes and
extends earlier work by Chen and Hutchinson (2001) that focused on fatigue cracking
outside moderately shallow, statically induced indents for which stress concentration
was not of dominant importance. The earlier work will be extended into the deep in-
dentation regime, representative of high-velocity impacts, accounting for, and assessing
the importance of, inertia and material strain-rate dependence in the impact analysis.
The relative importance of geometric stress concentration and residual stress in alter-
ing the fatigue crack threshold will be examined as well. The present study has been
coordinated with parallel experimental studies on FOD on Jat surfaces of the blade
material Ti–6Al–4V (Peters et al., 2000, 2002; Boyce et al., 2001b).

The next section sets the stage for the present paper by brieJy reviewing the earlier
study of Chen and Hutchinson (2001) on the inJuence of statically induced, moderately
shallow FOD indents. Relevant material data on Ti–6Al–4V will also be introduced.
The mechanics of the dynamic FOD impact problem is investigated in Section 3 with
details presented for geometric stress concentration at the bottom and rim of the impact
indent and for the residual stress distribution. Then, in Section 4, the e5ect of the FOD
indent on putative fatigue cracks will be assessed with emphasis on whether, and to
what extent, FOD decreases the critical threshold crack size. The paper ends with a
discussion of other aspects of FOD and further potential applications of the approach.

2. Statically induced, moderately shallow indents and their in�uence on the critical
size of threshold fatigue cracks

The earlier work of Chen and Hutchinson (2001) considered the quasi-static,
axisymmetric normal impression of a hard spherical particle into a thick elastic–plastic
substrate. As sketched in Fig. 2, a rigid sphere of diameter D is pushed into a half-space
by a static load P. The indentation load is then removed such that the contact diameter
is w and the indent depth is 	, both measured after unloading. The material is taken to
be elastic–ideally plastic with tensile yield stress 
Y, Young’s modulus E and Poisson’s
ratio �. This representation is realistic for the Titanium alloy, Ti–6Al–4V, which has
very low strain hardening (Ritchie et al., 1999a) with E = 116 GPa, 
Y = 930 MPa
and � = 0:34. The half-space is taken to be initially stress free and in7nitely deep,



X. Chen, J.W. Hutchinson / J. Mech. Phys. Solids 50 (2002) 2669–2690 2673

P

D

w

a

crack

� (t)

�
z

r

�

C

B

A

Fig. 2. A semi-circular surface crack with radius a is embedded inside the residual stress 7eld of the indent
and subjected to cyclic stress 
(t). The three most likely fatigue cracking sites are denoted by A, B, and C,
respectively.

consistent with the assumption that the foreign object is small compared to the sub-
strate thickness. A dimensionless load factor is denoted by

L ≡ P
(�=4)D2
Y

: (1)

In the regime designated as moderately shallow indents by Chen and Hutchinson (2001)
for which 0:006¡L¡ 0:4, the load is related to the indent width, w, by P ∼= 2:3
Yw2

(see Fig. 2) and the depth, 	, and width, w, of the indent are well approximated by
	
D

∼= 0:07L;
w
D

∼= 0:59
√
L: (2)

These results are relatively insensitive to 
Y=E in the moderately shallow regime.
In the experimental studies, fatigue cracks nucleated at FOD sites developed and

propagated on planes normal to the direction of the applied cyclic stress, as depicted
in Fig. 2 (Peters et al., 2000; Boyce et al., 2001b). As a consequence, the residual
stress component induced by the axisymmetric indent of most importance is the cir-
cumferential component, 
��. This component, scaled by 
Y, was computed by Chen
and Hutchinson (2001) using the commercial code ABAQUS (Hibbit and Karlsson &
Sorensen Inc., 1999). The rigid contact surface option was used to simulate the rigid
indenter, and the option for 7nite deformation and strain was employed. As already
mentioned, the substrate material is taken to be elastic–perfectly plastic, with a Von
Mises yield surface. Coulomb friction was invoked in the calculations, with the fric-
tion coeTcient taken to be 0.1 to represent the case of nearly frictionless impact. The
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Fig. 3. (a) Illustration of the cyclic load history 
(t); and (b) the material curve that characterizes the fatigue
threshold property of Ti–6Al–4V.

yield strain, 
Y=E, is found to be a minor factor on a5ecting 
��=
Y since the load
level corresponding to particle impact velocities of interest far exceeds the regime of
elastic Hertzian indentation. The Poisson’s ratio of the substrate and the friction are
also shown to be relatively unimportant in the determination of the residual 
��=
Y

7eld surrounding a moderately shallow indent (see also Mesarovic and Fleck, 1999;
Mall et al., 2001).

The computed residual stress distributions indicate three locations where residual
stresses may enhance fatigue crack growth and lower the threshold of a surface crack.
These regions where the residual hoop stresses are tensile, are designated by A, B,
and C in Fig. 2; they are located at the center of crater Joor, on the crater rim, and
outside the rim, respectively. Now, imagine the half-space specimen is subjected to an
applied cyclic loading history 
(t) with a positive load ratio, simulating the high-cycle
fatigue loading subsequent to the FOD. The following notation is used and illustrated
in Fig. 3(a)


max ≡ Max[
(t)]


min ≡ Min[
(t)]
; Rapplied ≡ 
min=
max: (3)

Imagine a putative semi-circular crack of radius a is located at one of the regions
A, B or C. Symmetry dictates that the crack front is in Mode I. Identify the point on
the front where the stress intensity factor, K , is the greatest. Let NK=Kmax −Kmin and
R=Kmin=Kmax where Kmax and Kmin are the maximum and minimum values experienced
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under the cyclic loading 
(t) in the presence of the residual stress. The stress intensity
factors, Kmax and Kmin, have been computed by Chen and Hutchinson (2001) using a
full three-dimensional 7nite element analysis, accounting for the residual stress. The
blade alloy Ti–6Al–4V has a threshold stress intensity factor, NKTH, below which
cracks will not propagate under cyclic loading. This threshold has a strong dependence
on the R ratio for the crack tip cyclic load history, R = Kmin=Kmax. The fatigue crack
data characterizing the curve of NKTH vs. R for the blade alloy Ti–6Al–4V (Ritchie
et al., 1999a) is plotted in Fig. 3(b). Here, NK0

TH ≡ NKTH(R = 0) is a convenient
reference value for normalization purposes (K0

TH = 5 MPa
√

m for Ti–6Al–4V). A
cubic functional form is used to 7t the threshold data NKTH=NK0

TH vs. R in this plot:

NKTH=NK0
TH = 1 + b0R + b1R2 + b2R3; (4)

where for Ti–6Al–4V: b0 = −2:49; b1 = 4:78 and b2 = −3:12. The functional form
in Eq. (4) can be applied to other metals and alloys, although the coeTcients will
generally di5er from material to material. As indicated in Fig. 3(b), a cyclic loading
with (NK; R) falling below the threshold line is safe in the sense that crack propagation
will not occur.

Within the moderately shallow regime (0:006¡L¡ 0:4), the normalized maximum
tensile residual hoop stress outside the rim of the indent, 
��=
Y, is found to be es-
sentially independent of L. The indentation diameter, w, or, equivalently, the depth of
the indent, 	, is therefore the only scaling factor for moderately shallow indents. This
simpli7es the presentation of the residual stresses in this regime and makes it possible
for approximate but accurate analytical expressions to be given for the stress intensity
factor history, as described more fully by Chen and Hutchinson (2001). The residual
stress acts throughout the imposed cyclic history, 
(t). Thus, the residual stress raises
the average level of K but it does not contribute to NK . In other words, residual tensile
stress increases R, while NK is determined solely by 
(t).

For a specimen with an indent of width w that is subject to the cyclic history

(t), one can make use of the results for NK and R just described to solve for
the critical crack size, ac de7ned as the largest crack such that (NK; R) falls on
the threshold line in Fig. 3(b). Full details of the critical crack size determination
for moderately shallow indents are given by Chen and Hutchinson (2001). As an
example, consider putative semi-circular cracks located at point C in Fig. 2. There is
no geometric stress concentration at this point. Plots of the dimensionless critical crack
radius, Wac = ac=(NK0

TH=
Y)2, as a function of Rapplied = 
min=
max are shown Fig. 4
for a sequence of normalized indentation widths, Ww = w=(NK0

TH=
Y)2, in all cases for

max=
Y = 1=4. The upper curve labeled by Wa0

c is the critical crack size in the absence
of an indent ( Ww=0). Indents smaller than about Ww=2 have essentially no e5ect on the
size of the critical threshold fatigue crack, while indents larger than about Ww=5 reduce
the normalized critical crack size to a limiting level designated by WaL

c . This lower limit
represents the case where the indent is suTciently large (but still within the moderately
shallow indentation regime) such that the local residual stress at C (
��=0:24
Y) fully
surrounds the critical crack.

The normalized indentation size characterizing the two limiting critical crack sizes
noted above was found to be essentially independent of Rapplied. The transition range
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Fig. 4. The normalized critical crack threshold Wac is a function of Rapplied, for a range of indentation sizes
Ww with 
max=
y = 1=4.

Fig. 5. Transition range of normalized indentation size as a function of 
max=
Y for moderately shallow
indents. Indents below the transition have essentially no inJuence on the critical crack size, while indents
above have the reduced critical crack size.

for the normalized indentation size as a function of 
max=
Y is shown in Fig. 5. For
Ti–6Al–4V, which is a high-strength material, moderately shallow indents larger than
50 �m in diameter start to reduce critical crack size when 
max=
Y=1=4. By comparison,
for mild steel the transition occurs at about w= 11 mm under the added constraint that
the particle is suTciently large such that shallow impact occurs.
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The work by Chen and Hutchinson (2001) has focused on a special case of cracking
outside moderately shallow indents (point C in Fig. 2). The studies has been repeated
for the other two possible fatigue crack locations (A and B in Fig. 2), and behavior
similar to that just described have been found (Chen, 2001). The characterization of
the transition shown in Fig. 5 is robust for all three fatigue crack locations, and may
be useful in establishing tolerable FOD levels as long as the indents are not deep.
As stated earlier, this assertion is premised on the assumption that the FOD does not
introduce new cracks larger than the critical size.

3. Dynamic aspects of FOD: deep indents

Discrepancies between the predictions based on quasi-static indentation analysis and
the impact experiments conducted by Berkeley group (Boyce et al., 2001b) at the
highest impact velocities motivated an extension of the analysis to account for both
inertia and material strain-rate sensitivity. A rough estimate suggests strain rates in
300 m=s impacts should be well in excess of 104 s−1. Moreover, the deep crater caused
by high-speed impact leads to signi7cant stress-concentration e5ects, which, along with
the residual stresses, contribute signi7cantly to the reduction of critical crack size.

3.1. The mechanics of dynamic impact

The quasi-static results in Section 2 provide guidance to scaling the dynamic results.
By Eqs. (1) and (2), it follows that the work of indentation, W =

∫
P d	, normalized

as, W=(
YD3), is a function of 	=D, that is almost independent of the elasticity of
the substrate. In dimensionless terms, this means that W=(
YD3) is independent of
�Y = 
Y=E. The kinetic energy of the incoming particle is KE = �

12D
3�pv2

0 with �p as
the particle density and v0 the impact speed. With 
YD3 as the normalization factor,
we de7ne a dimensionless impact energy

� = KE=(
YD3) =
�
12

(�p=
Y)v2
0: (5)

It will be seen that � is the dominant dimensionless parameter in the dynamic problem.
Moreover, it will be seen that the dimensionless time variable, t

√

Y=�p=D, correctly

scales the temporal aspects of the phenomenon.
For a substrate material with a given strain-rate dependence, the general dimension-

less form of the stress history is


ij(x; t)

Y

= Fij

[
x
D
;
t
√

Y=�p

D
;�; �Y;

�p

�

]
: (6)

The time-dependent history of indentation crater, which includes the indent depth
	(t)=D, width w(t)=D and pile-up 	P(t)=D, as well as the normalized foreign object
speed v(t)=v0, are all functions of the same variable set, t

√

Y=�p=D; �; �Y, and �p=�.

Implicit is also a weak dependence on the friction coeTcient and Poisson’s ratio.
A signi7cant further reduction of the variable set is revealed by the numerical

results reported later in this section. Some reduction can be anticipated by noting that
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numerical results for quasi-static indentation (Chen and Hutchinson, 2001) reveal that
the normalized depth of a static indent, 	=D, is a function primarily only of the normal-
ized plastic work of indentation, W=(
YD3). It is nearly independent of the elasticity
of the substrate, measured by �Y = 
Y=E. The results for dynamic impact presented
later reveal, in addition, that �p=� has almost no e5ect on the results of interest when
the dimensionless variable set noted above is used. Therefore, the primary dependence
of the stresses in the substrate is found to be


ij(x; t)

Y

= Fij

[
x
D
;
t
√

Y=�p

D
;�

]
(7)

such that the residual stresses have the functional form:


R
ij(x)


Y
= FR

ij

[ x
D
;�

]
: (8)

Moreover, the residual parameters characterizing the FOD geometry, 	=D; w=D, and
	P=D, depend primarily on �: a remarkable collapse of a relatively large parameter set
to a dependence on only one dimensionless variable.

The ricochet velocity, vb depends as well on the elasticity of the substrate, and for
this purpose introduce vs ≡ √

E=�. The normalized ricochet velocity, vb=v0, depends
on �Y and �p=�, in addition to v0=vs.

3.2. The 9nite element method

Dynamic 7nite element analyses are performed using ABAQUS=Explicit (Hibbit and
Karlsson & Sorensen Inc., 1999) based on the explicit time integration method. This
method is able to perform larger dynamic simulations than the implicit integration
method and does not require iteration. The term explicit refers to the fact that the
state at the end of the increment is based solely on the displacements, velocities, and
accelerations at the beginning of the increment. The time increments in the explicit
analysis are very small—a small fraction of the time for an elastic wave to traverse the
smallest element and on the order of 10−10 s in the present case in dimensional terms.
Strain-rate hardening is invoked in the simulation and takes the functional form of
Eq. (9) introduced below. Local heating and its e5ect on the Jow stress has been
neglected based on estimates of adiabatic temperature changes obtained from computed
plastic strains (Chen, 2001). The Coulomb friction coeTcient is taken to be 0.1 as
in the static indentation analysis. The substrate is taken to be semi-in7nite and the
axisymmetric mesh contains 25,600 4-node bilinear elements (with reduced integration).
The rigid spherical projectile makes contact with the specimen with a speci7ed initial
speed, deforms the substrate as it comes to rest, and then bounces back after the impact.
The histories of stress and strain 7elds are recorded during the numerical simulation
along with the ricochet velocity and the 7nal deformed geometry and residual stresses.

For most metals and alloys, the yield stress increases with increasing strain rate.
The e5ect is relatively weak when strain rate is small, but some materials display a
fairly dramatic increase in Jow stress at strain rates above 103–104 s−1 (Clifton, 1983).
The maximum strain rate generated from a 300 m=s FOD was found to be above this
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range, and thus it is reasonable to expect rate sensitivity may be an important factor.
For materials with negligible strain hardening, the rate dependence can be analytically
expressed in a power-law form:

�̇ = �̇r

(

Y(�̇)

Y

− 1
)n
: (9)

Here, �̇ is the strain rate, 
Y(�̇) is the strain-rate sensitive yield stress, and 
Y ≡ 
Y(0)
the yield stress at �̇ ∼ 0, and �̇r is a constant with units s−1. For Ti–6Al–4V we have
taken �̇r = 2 × 104 1=s and n = 3. This relationship (shown in the inset of Fig. 6) is
largely consistent with the experimental data of Meyer (1984) in tension, showing a
substantial increase in the yield stress at strain rates in excess of 103 s−1. This choice
overestimates somewhat the rate-e5ect for Ti–6Al–4V shown in the compression data,
Follansbee and Gray (1989). The same rate sensitivity has been consistently used to
simulate parallel Berkeley experiments and agrees well with experimental measurements
(see below and also Boyce et al., 2001b; Peters et al., 2002).

3.3. Numerical results

The time evolution of 	(t)=D during impact is displayed in Fig. 6(a) for the rate-
dependent material for di5erent combinations of �Y and �p=�, all with normalized
kinetic energy �=0:2. The success of the time normalization, t

√

Y=�p=D, in capturing

the relevant time scale of the phenomena is obvious. Except in the vicinity of the
point of peak penetration (where the spring back is elastic), the history is essentially
independent of �Y and �p=�. There is some dependency on �Y and �p=� prior to peak
penetration when these parameters are both small. Over most of the relevant range
of the parameter set, however, the residual penetration depends almost entirely on
�. The ricochet velocity of the particle, vb, is established during the segment of the
history near the peak penetration as can be seen in the companion for the plots for the
particle velocity in Fig. 6(b). The particle velocity is zero (at maximum penetration)
at t

√

Y=�p=D ∼= 0:5 and then becomes negative for all cases. The particle separates

from the substrate at roughly t
√

Y=�p=D ∼= 0:6, but with some dependence on �Y and

�p=�. The elasticity of the substrate has a signi7cant inJuence on the ricochet velocity
causing more than a tripling of velocity for an eightfold decrease in Young’s modulus,
i.e. �Y increasing from 0.001 to 0.008.

Residual depth of impact as a function of the kinetic energy of the incoming spheri-
cal particle is presented in Fig. 7 for a wide range of the dimensionless parameters. The
inclusion of the large number of results has been done deliberately to reveal the dom-
inant role of the dimensionless parameter �. In addition, for reference, the quasi-static
indentation result is included as the lower dash curve with the ordinate plotted as
the normalized work of indentation, W=(
YD3), rather than �. This quasi-static result
was computed with �Y = 0:001, but it is essentially independent of �Y as previously
discussed. Dynamic results computed without material rate dependence (as an elastic
perfectly plastic material with 
Y(�̇) = 
Y(0) ≡ 
Y and n= 0 in Eq. (9)) fall between
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�Y (�)
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.

�Y

.

Fig. 6. (a) Normalized indent depth history 	(t)=D is essentially independent of �Ytbc and �p=� except at very
high strain rates and except at the peak penetration just at the beginning of rebound. (b) The time history
of the particle velocity v(t)=v0 is varying with �Ytbc and �p=�.

the quasi-static results and those that account for both inertia and material rate e5ects. 1

As expected, rate-dependent hardening as characterized by Eq. (9) reduces the depth
of impact. At the highest impact velocities, the reduction is as much as 20% below the

1 The one exception is for quite deep indents at low values of �Y (the case for rate-independent behavior
with �p=� = 0:43 and �Y = 0:001 in Fig. 7) where the indents are even deeper than quasi-static indents.
A new mechanism comes into play in this case associated with a cavitation instability during penetration
caused by very high transient triaxial compressive stresses (Huang et al., 1991).
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Ω

�/D

Fig. 7. The residual indent depth 	=D is a function primarily of
√
�, except in cases where cavitation

instabilities occur or where both �p=� and �Y are small giving rise to extremely high strain rates. The rate
and inertia e5ects are elaborated.

dynamic, rate-independent results and more than 40% below estimates based on the
quasi-static results. The rate-dependent results are nearly independent of �Y and �p=�
over the entire range plotted, except for the case �p=� = 0:43 and �Y = 0:001 which
gives rise to exceptionally high strain rates in the substrate. Included in Fig. 7 are two
experimental data points from Boyce et al. (2001b) for impact of steel spherical balls
of 3:2 mm diameter at 200 and 300 m=s, aTrming the e5ectiveness of the strain-rate
sensitivity we have used for the Ti–6Al–4V.

In summary, Fig. 7 reveals that the residual indent depth primarily depends on the
normalized incoming kinetic energy through �, except for combinations of �Y and
�p=� when both quantities are small. When �Y and �p=� are small, plastic deformation
is either governed by extremely high strain rates (with smaller impact depths), or by
cavitation instabilities in the absence of a material strain-rate e5ect (which cause larger
impact depths). Nevertheless, for materials with the rate sensitivity representative of
Ti–6Al–4V, to a good approximation the residual penetration is only a function of �:

W	 = 	=D ≈ 0:33
√
�(1 + 0:24

√
�): (10)

The maximum plastic pile-up, 	P, is approximated by

W	P = 	P=D = 0:27
√
�(0:1 + 0:70

√
�): (11)
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The normalized residual indent width, w=D, can be expressed in terms of the residual
penetration and pile-up from simple geometric analysis:

w=D = 2
√

W	 + W	P − ( W	 + W	P)2 when 	 + 	P ¡D=2 (12)

with w ≈ D when 	+ 	P¿D=2. As already emphasized, Eqs. (10)–(12) are not valid
in cases where both �Y and �p=� are in the lower end of their typical ranges.

Fig. 7 might also be used to interpret dynamic e5ects in the following way. For a
given material, the curve for the normalized quasi-static work of indentation, W=(
YD3),
can be determined from a single indentation test. With this experimental information
in hand, Fig. 7 can be used to estimate the relation of particle velocity to indentation
depth.

For the velocity of rebound, a function that 7ts over the range of parameters con-
sidered here is

vb=v0 ≈ −95�Y(1 − 2:3
√
v0=vs − 24�Y): (13)

Unlike Eqs. (10)–(12), this formula is only valid for a density ratio of �p=� = 1:73,
which is representative when a steel particle hits the titanium substrate. In Eqs. (10)–
(13), the 7tting functions are chosen such that they are consistent with the following
general requirements: 	; 	P; w → 0 when � → 0, and vb=v0 → 0 when �Y → 0.

3.4. The elastic stress concentration factor for the indent

For deep indents, it is more convenient to consider the dimensional quantities func-
tions of the indentation depth 	 rather than the indentation width. The elastic stress
concentration is tied to the surface geometry after impact. The elastic stress concentra-
tion factor (kt ≡ 
��=
, where 
 is the remote stress) as a function of position along
the surface of the indent has been determined from three-dimensional 7nite element
analysis. The three-dimensional mesh for the problem is developed by revolving the
deformed axisymmetric mesh associated with the impact. Critical locations are at the
crater Joor and rim (A and B in Fig. 2). Stress concentration factors at these two loca-
tions are presented in Fig. 8 and compared with some early data from three-dimensional
photoelastic experiments (Nisida and Kim, 1962). The comparison shows that the
7nite element result agrees well with experimental data at point B, whereas at point A
the elastic stress concentration factor predicted from 7nite element analysis is about 7%
larger than that of the experimental points. We believe the mesh re7nement
employed in the present numerical calculation is adequate to provide estimates of the
stress concentration factor to within several percent.

3.5. Residual stresses

A residual hoop stress contour plot, 
��=
Y, is given in Fig. 9 for a normalized
kinetic energy of � = �

12 (�p=
Y)v2
0 = 0:2, corresponding to the Berkeley experiments

wherein a steel ball impacts Ti–6Al–4V at v0 = 300 m=s (Peters et al., 2000, 2002;
Boyce et al., 2001b). These results have been computed accounting for the material
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Fig. 8. The comparison between 7nite element analysis and experiment results (Nisida and Kim, 1962) on
the elastic stress concentration factor kt as a function of 	=D.

Fig. 9. Contour plot of the residual hoop stress 7eld (normalized by 
Y) in the vicinity of crater predicted
from dynamic FEM. The normalized impact energy is � = 0:2.
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Fig. 10. Comparison between static and dynamic residual hoop stresses at critical locations A, B and C
(cf. Fig. 9). The residual stresses primarily depend on 	=D.

rate dependence and inertia. Of particular importance are two primary zones of tension,
which will increase the local mean stress during subsequent fatigue loading. These
regions of residual tension are: a small but intense region at the surface immediately
outside the crater rim, denoted by B, and a broad subsurface region approximately
one crater radius away from the crater, at C. The maximum residual tensile stress at
both locations vary between 0:4
Y and 0:8
Y, in general agreement with experiment
measurements (Boyce et al., 2001b; Peters et al., 2002). Speci7cally, the subsurface
stress at C was found to be within 10% of the prediction, while the measured stress
at the rim showed more discrepancy probably due to the steep variation in the stress
at that location and the small specimen size used in experiments. The most substantial
compressive stresses, counterbalancing the residual tensile stresses, are formed beneath
the crater. The maximum residual compressive component 
�� is about −1:5
Y and is
located one crater radius below the surface.

By Eq. (8), the residual stress 7eld caused by a dynamic impact primarily depends
on � (or, equivalently, by Eq. (10), on 	=D). In principle the dimensionless parameters
characterizing the material rate sensitivity, n and v0=(D�̇r), might also be expected to
inJuence the residual stresses. In fact, however, the numerical studies reveal that, for
the most part, rate dependence has relatively little inJuence on the residual stresses
when they are expressed as a function of 	=D. This can be seen in Fig. 10 where
the residual stresses at the critical locations A–C are plotted as a function of 	=D for
both quasi-static indentation and fully dynamic, rate-dependent impact. The comparison
shows that the stresses caused by static and dynamic indents are quite close, except at
the crater Joor of deep impacts. The important conclusion to be drawn from Fig. 10
is that, the tensile stresses at locations B and C do not depend strongly on dynamic
aspects of the impact when the depth of penetration, 	=D, is used to determine the
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residual stress. (Of course, the relation of 	=D to � in Fig. 7 does depend on dynamic
aspects.)

4. E'ect of FOD on fatigue cracking

The crater Joor (A in Fig. 9) is characterized by a high elastic stress concentration
factor (cf. Fig. 8), but compressive residual stress. The rim (B) has a smaller elastic
stress concentration factor, but a residual tensile stress lying between 0:5
Y and 0:8
Y

(cf. Fig. 10). The subsurface location C has essentially no elastic stress concentration
but it has a residual tensile stress of about 0:4
Y. Fatigue cracks have been observed
to nucleate at all three locations (Peters et al., 2002). At high incident velocity (around
300 m=s in Berkeley experiments), the rim appears particularly susceptible to fatigue
crack nucleation due to a combination of the stress concentration, residual tension and
the formation of microcracks produced by the impact at the crater ridge. Fatigue crack
growth is promoted at the rim from these microcrack sites, particularly when 
max=
Y

is high (
max ≈ 1
2
Y) (Peters et al., 2002). In the section that follows, we analyze

the e5ect of deep impact FOD on the critical crack size for cracks at the crater rim
(point B).

4.1. Critical crack size for cracks nucleated at the rim

For a putative semi-circular crack of radius a centered at the impact rim at the crater
rim, there are two contributions to its mode I stress intensity factor: (i) due to residual
stress, Kres, and (ii) due to cyclic loading (3), NK .

(i) The analysis for Kres makes use of a detailed three-dimensional 7nite element
analysis to compute the maximum stress intensity factor along the perimeter of the
putative crack produced by the full residual tensile stress 7eld. The results are computed
as a function of a for each value of 	=D or, equivalently, each value of w=D. As
already remarked, at the rim, the residual stress 7eld depends primarily on 	=D, with
little dependence on dynamic e5ects. For the fatigue analysis it is useful to normalize
Kres by NK0

TH and to employ the normalizations: Wa=a=(NK0
TH=
Y)2, Ww=w=(NK0

TH=
Y)2

and WD=D=(NK0
TH=
Y)2. A functional 7t of the 7nite element results over the full range

of interest takes the following form (Chen, 2001):

Kres=NK0
TH =

√
Wa(d0 + d1 Wa= Ww)=

√
Ww= WD; (14)

where d0 = 0:2 and d1 = −2:1. Note that any choice of NK0
TH can be used in this

representation since it appears linearly in the denominator on both sides of the equation.
(ii) The stress intensity contribution due to the superimposed cyclic loading, NK ,

is taken as NK = cr
(t)
√

4a=�, where 
(t) is the applied cyclic stress (3). The factor
cr reJects both the stress concentration (Fig. 8) and the sharpened geometry of the
rim (Fig. 2). It is obtained from a three-dimensional 7nite element calculation for a
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residual stress e5ects, for a range of indentation depths 	=D with 
max=
y = 1=2. Cracks are located at the
rim of deep indents.

small semi-circular-like crack (a�w) at the rim. In the limit 	=D = 0, cr = 1:2, for
	=D = 0:10; cr = 1:38, and for 	=D = 0:16, cr = 1:64.

The total stress intensity factor of the putative crack is K = Kres + NK . As already
remarked, the cyclic contribution, NK , is inJuenced by the geometry of the FOD but
not the residual stress. The residual stress a5ects R ≡ Kmin=Kmax=(Kres+NKmin)=(Kres+
NKmax). Combining the two contributions and introducing the normalizations above,
one has

R( Wa) =

√
Wa(d0 + d1 Wa= Ww)=

√
Ww= WD + cr
min

√
4 Wa=�=
Y√

Wa(d0 + d1 Wa= Ww)=
√

Ww= WD + cr
max
√

4 Wa=�=
Y

: (15)

The notation Rapplied = NKmin=NKmax = 
min=
max introduced in Eq. (3) will be used to
characterize the superimposed cyclic load. The role of the residual tensile stress is to
increase R above Rapplied, thereby lowering the threshold cyclic stress intensity factor,
NKTH, as can be seen from the threshold data in Fig. 3b.

The inJuence of various levels of FOD on threshold crack size, Wac =ac=(NK0
TH=
Y)2,

is shown in Fig. 11 for applied cyclic histories with 
max=
Y = 1=2. For a given value
of Rapplied, the critical value, Wac, is computed as the value of Wa such that the thresh-
old condition given by Eq. (4) is satis7ed: i.e. NK=NK0

TH ≡ NKTH=NK0
TH = 1 +

b0R + b1R2 + b2R3. The FOD levels in Fig. 11 range from 	=D = 0 (no FOD) to
deep indents with 	=D = 0:162. To reveal the relative importance of residual stress
and geometry change, dashed curves are included in Fig. 11 that incorporate geom-
etry change (through cr) but neglect the contribution of residual stress by replacing
Eq. (15) with R = 
min=
max = Rapplied.
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FOD reduces the critical threshold crack size: the deeper the indent the greater the
reduction. Indents having 	=D=0:1 (corresponding to 200 m=s impacts for the Ti–6Al–
4V substrates, cf. Fig. 7) produce signi7cant reductions in critical crack size especially
at low values of Rapplied. Deep indents (	=D = 0:16, corresponding to 300 m=s impacts
for the Ti–6Al–4V system) reduce the critical crack size by more than a factor of
two over the entire range of Rapplied. The roles of residual stress and geometry change
associated with the FOD are brought out clearly in Fig. 11. At values of Rapplied above
about 0.4, the dominant e5ect of FOD is due to the elastic stress concentration produced
by the geometry of the impact crater. The e5ect of residual stress in this range is very
small. At values of Rapplied below 0.4, residual stress becomes increasingly important.
At Rapplied = 0:1, residual stress is the more important of the two contributions to the
reduction in the critical crack size. The importance of the residual stress at low values
of Rapplied is readily understood in terms of the relatively large boost of R due to the
residual stress.

In FOD applications confronted in the aerospace industry, Rapplied is usually large
due to the high mean stress associated with vibratory motion superimposed on the
relatively high steady inertial stresses supported by the blades (Cowles, 1996; Mall et
al., 2001). Therefore, one concludes that for most of the FOD problems in practice
where indents are deep and Rapplied is large, the geometry e5ect is the most important
factor in reducing fatigue life. The exception is in cases where Rapplied is low, for
instance, in the parallel experimental studies by Peters et al. (2000, 2002) and Boyce
et al. (2001b, 2002), where one must take into account the e5ect of residual stresses.

4.2. Cracking at low applied load ratio

At low Rapplied, the residual stress 7eld plays an important role in reducing ac. There
are a number of related issues that may be important, including the e5ect of 7nite
specimen size and support on the residual stresses, non-normal impact and changes in
residual stress due to subsequent stressing. Residual stresses turn out to depend rather
strongly on the size of the specimen and the manner in which it is supported. For
example, the Berkeley group (Peters et al., 2000, 2002) conducted normal impact tests
on beam-type specimens whose thicknesses were on the order of the particle diameter.
The combination of 7nite thickness and bending deformations produced residual stress
distributions that were quite di5erent from those for the deep substrate. Simulations of
the beam-type specimens (Chen, 2001; Peters et al., 2002) were able to capture the
stresses measured in the experiments.

FOD frequently occur as inclined impacts with incident angles roughly 30◦ or
60◦. Moreover, the impact site is often near the leading edge of the blades. A few
non-axisymmetric calculations have been carried out for inclined impact of deep sub-
strates (Chen, 2001; Peters et al., 2002). Qualitatively, the 7ndings are similar to those
reported here for normal impact. Roughly speaking, the residual stress 7eld on the
entrance side of an inclined impact looks similar to that of a shallow normal impact,
while the stress on the exit Jank is more like that of a deep normal impact, due to
prominent plastic pile-up. The magnitudes of residual stresses for inclined impacts are
about the same as those reported here for normal impacts.
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The residual stress 7eld may change during subsequent cyclic loading, especially if
the remote cyclic stress is ampli7ed by a local stress concentration. The Ti–6Al–4V
alloy has a strong Bauschinger e5ect, and its yield stress on reversed loading, 
R

Y,
is considerably smaller than 
Y (Boyce et al., 2002). When the local compressive
residual stress superimposed on the tensile applied cyclic stress exceeds 
R

Y, the residual
compressive stress at the bottom of the impact crater will be relaxed by 30–40%. These
e5ects have been simulated and measured experimentally (Chen, 2001; Boyce et al.,
2002).

Finally, we mention that the residual tensile stress at the sub-surface location (C in
Fig. 9) has been observed to be a site for fatigue crack nucleation at low applied stress
level (
max = 1

3
Y), where the combination of cyclic and residual stress is not enough to
cause stress relaxation (Peters et al., 2002). There is no elastic stress concentration at
this subsurface location and the residual tensile 
�� is the only contribution expected to
reduce the critical threshold crack size. The reduction of critical crack size associated
with fatigue crack growth threshold can be estimated using the same approach proposed
in previous sections. For example, one 7nds that for a 300 m=s FOD, Wac = 2:08 when

max=
y = 1=3 and Rapplied = 0:1. This compares with Wa0

c = 3:87 where there is no FOD.
The reduction of the critical crack radius is about 45% for subsurface fatigue cracking.

5. Concluding remarks

To provide basic insight into the mechanics of foreign object damage of turbine
blades, this paper has addressed the residual stresses and geometric shape of indents
caused by spherical particles impacting a deep elastic–plastic substrate at high normal
velocity. The numerical results presented have been determined for materials with no
strain hardening and moderate strain-rate sensitivity. The e5ect of the FOD on reducing
the size of critical threshold fatigue cracks is also studied.

The main 7nding from the 7rst part of the study on dynamic impact of a material
with the rate sensitivity representative of blade material such as Ti–6Al–4V is that the
normalized depth and width of the indent, 	=D and w=D, are primarily dependent on a
single dimensionless kinetic energy parameter, �=KE=(
YD3) = �

12 (�p=
Y)v2
0. Typical

values of this parameter for FOD fall in the range from 0.05 to 0.2 for turbine blade
applications. Accounting for inertia of the substrate is important in determining the
size of the indent, resulting in predicted depth reduction of about 20% compared to
work-equivalent static indents. Material rate dependence further reduces the depth of
the indent, roughly by an additional 20% for rate dependence typical of Ti–6Al–4V.
On the other hand, for a given normalized depth of indent, 	=D, the residual stress
components important in altering fatigue life are essentially independent of inertial and
material rate e5ects.

The e5ect of the residual stress and the indent geometry on the critical size of thresh-
old fatigue cracks has been assessed for subsequently applied cyclic loading histories.
For normal indents at �-levels typical of those expected for FOD, both the residual
stress and the geometric stress concentration factor are important when R = 
min=
max

for the applied cyclic history is less than about 0.4. At higher values of R, common to
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most high-cycle blade applications, only the geometric stress concentration is impor-
tant. This 7nding, which has important implications for understanding and analyzing
FOD, is likely to carry over to inclined impact and to impact at locations such as the
leading edge of a blade.

In this paper, we have analyzed the e5ect of FOD on the critical size of a threshold
fatigue crack. No attempt has been made to predict the e5ect of FOD on the number
of cycles to fatigue crack initiation, or equivalently on the fatigue life. Experimental
data on the threshold cyclic stress intensity such as that for Ti–6Al–4V in Fig. 3 is
established on specimens with cracks which are generally much longer that the putative
micro-cracks assumed in the present analysis. One cannot be certain that the data is
applicable for cracks on the order of 50 �m, representative of the threshold crack
predicted for the Ti–6Al–4V. Thus, the present results may only provide a qualitative
assessment of FOD on the lifetime of the blades.
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