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Abstract

Relations between fracture toughness and microstructural details have been calculated for ductile materials based on
a dilatational plasticity constitutive model that has recently been proposed. The model generalizes the Gurson model
to account for both void growth and coalescence with explicit dependence on void shape and distribution effects. Based
on a small scale yielding formulation of crack growth, toughness trends are determined as a function of yield stress,
strain-hardening, initial porosity, void shape and spacing as well as void spacing anisotropy. Distinctions are drawn
between the engineering fracture toughness, which is typically associated with 0.2 mm of crack growth, and the theoreti-
cal toughness based on coalescence of the crack tip with the first void ahead of it. Comparison with one set of experi-
mental data for a steel is made for which a fairly complete characterization of the microstructure is available.
 2002 Acta Materialia Inc. Published by Elsevier Science Ltd. All rights reserved.
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1. Introduction

In the context of material science, the fracture
toughness, at cracking initiation is usually taken as
the relevant parameter for indexing the cracking
resistance of materials. TheJ integral at cracking
initiation, JIc, is employed to characterize the
toughness of ductile alloys that exhibit significant
amount of crack tip plasticity. In general,J is mea-
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sured experimentally as a function of the crack
extension giving the so-called ‘JR-curve’ of the
material. The fullJR-curve obtained on laboratory
specimens provides three important quantities [1]:
(1) the initiation toughnessJIc, defined in an engin-
eering sense, i.e. at a predetermined amount of
crack growth, or, if it can be detected, at the physi-
cal event of cracking initiation; (2) an average tear-
ing resistance dJ /da; and (3) when sufficient crack
growth is allowed and sufficiently large specimens
are used, the steady state fracture toughness,Jss.
Engineering analysis of structural integrity requires
both initiation and crack growth data, at least for
the early stages of theJR-curve. The emphasis in
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this paper is on the material science view of tough-
ness by focusing on the crack initiation toughness
of ductile metal alloys. The failure mechanism is
void growth and coalescence, and the effort here
is to relate fracture toughness to details of the
microstructure such as void volume fraction, void
shape and void distribution.

Fig. 1 depicts the model envisioned for address-
ing the cracking in ductile metal failing by the void
growth mechanism. The initial geometry is a pre-
crack of opening d0 in an idealized material having
regularly distributed voids with initial spacing X0

and radius R0 in the crack plane. The crack is long,
and small scale yielding is assumed to apply. The
material is elastic–plastic characterized by the ratio
of the normalized yield stress, s0/E, Poisson’ s
ratio, n, and a strain-hardening exponent n. The
dimensionless geometrical microstructural para-
meters are c0 � X0 /R0, W0 � Rz0 /R0, and c0 �
Z0 /X0. The initial void porosity f0 can be

expressed in terms of these last three variables.
In general, the problem of Fig. 1 requires a full

numerical analysis of crack tip blunting coupled to
a fracture process zone model. There are three
main types of analyses that have been proposed in
the literature to predict fracture toughness based on
the model of Fig. 1.

� Finite element calculations are performed with
the voids explicitly modeled by a refined FE
mesh [2–9]. These analyses accurately model

Fig. 1. The initial geometry of a precrack in a ideal material
with regularly distributed spheroidal inclusions; sketch of the
two ideal mode of crack initiation, i.e. multiple void interaction
and void by void process.

the growth and coalescence process while prop-
erly accounting for the length scale introduced
by the void spacing. This approach still requires
a criterion for the final failure of the intervoid
ligament in order to simulate crack propagation
(e.g. by modeling shear localization within the
ligament due to a second population of smaller
voids). This approach is computationally inten-
sive and is able to account for only a few voids
ahead of the crack tip.

� An alternative approach, which has been pur-
sued mainly by groups in France, Germany, the
UK and the US [10–21], employs a constitutive
model, such as the Gurson model, that accounts
for the damaging effect of voids. The constitut-
ive model is implemented in a finite element
code to simulate the initiation and growth of the
crack. The approach requires the introduction of
a length scale in the model related to the spacing
between voids. This is usually accomplished by
tying the element size to the void spacing, cali-
brated to crack growth resistance data.

� A third type of analysis makes use of cohesive
zone surfaces to model the fracture process in
ductile metals [22–25]. This approach is limited
to materials whose void volume fraction is suf-
ficiently large such that the fracture process
involves multiple voids growing and coalescing
on a plane ahead of the tip. A characteristic
length is introduced since the cohesive proper-
ties involve the work of separation and the
cohesive stress.

The second and third approaches have been
applied with considerable success to analyze frac-
ture integrity of structural components under large
scale yielding conditions. Three dimensional (3D)
aspects of crack initiation and growth have also
been simulated [18,21,25]. The success of this
approach is underpinned by the requirement that
the microstructural parameters (the void volume
fraction, void spacing, etc.) must be set such that
the model reproduces experimental crack data for
specific specimens. Once calibrated, these
approaches have accurately accounted for a wide
range of constraint effects. Thus, the methods have
been used to study crack initiation and growth for
specific materials, but they have not been used as
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a tool for material sciences to explore trends in
toughness as dependent on microstructural para-
meters. This is the objective of the present paper.

In this paper we use the small-scale yielding,
plane strain model of Fig. 1 to compute trends in
fracture toughness. Three new aspects are intro-
duced in the constitutive model that have not been
considered in previous modeling efforts devoted to
linking fracture toughness to the microstructure
[23,26–28]:

� Non-spherical voids ranging from penny-shape
cracks to highly prolate voids, that are common
in industrial metal alloys have been accounted
for. These shapes result from the metal forming
process during which globular second phases
experience severe deformations. Generally, for-
ming processes also bring about a preferential
orientation for the principal axis of the second
phases and induce some degree of anisotropy in
the void distribution. Furthermore, initially
spherical void tends to become prolate at low
stress triaxiality and oblate at high stress triax-
iality.

� A physical void coalescence mechanisms will
be used for modeling the coalescence between
voids and between the first void and the crack.

� One of the most important ingredients of the
void coalescence model is the relative spacing
between the voids. Its role will thus be studied.

The inclusion of the three points discussed
before is made possible by a recent extension of
Gurson’s model [29] of plastic solids containing
voids to include shape, coalescence and distri-
bution effects [30] based on contributions by Golo-
ganu et al. [31] and Thomason [32].

The plan of the paper is as follows. An outline
of the constitutive relation and the finite element
computational model is presented in Section 2.
This is followed in Section 3 by a critical assess-
ment of the model based on comparisons with
recent results obtained for a detailed calculation
that provides a high resolution of both the crack
tip and the voids. Section 4 synthesizes the main
results of the study revealing the dependence on
the influential microstructural parameters in the
form

JIc

s0X0
� F�s0

E
,n,f0,W0,l0�. (1)

The effect of the initial porosity, shape and rela-
tive spacing on the toughness will be discussed.
Section 4 will also incorporate results dealing with
the difference between the engineering toughness
defined after a predetermined amount of crack
growth and the physical toughness at the ‘ true’
cracking initiation. The model captures the vari-
ations of the fracture toughness as a function of
the orientation of the crack plane relative to a dis-
tribution of voids. The model will be applied in
Section 5 to analyze the results obtained by Bauvi-
neau [33] on a rolled steel as an illustration of this
orientation dependence and a preliminary experi-
mental assessment. The paper ends with sugges-
tions for future investigation.

2. Void growth model and computational
methods

2.1. An enhanced model for void growth and
coalescence

The extended Gurson model used in this paper,
to account for the effect of the growth and coalesc-
ence of voids on the behavior of the material has
been presented in details in Ref. [30]. It is based
on the works by Gologanu et al. [31] for the
account of the void aspect ratio and by Thomason
[32] for the onset of coalescence with extensions
to strain-hardening and for the modeling of the
coalescence process [34]. A summary of the struc-
ture of the model is given in Appendix A. The
model is based on two different solutions for the
expansion of a void in an elastoplastic material:
one solution is called ‘void growth’ corresponding
to diffuse plasticity around the void, and the other
is called ‘void coalescence’ corresponding to
localized plasticity in the intervoid ligament. These
two solutions can be presented in the form of two
distinct plastic yield surfaces supplemented by
evolution laws for the internal variables of the
model (the porosity f, the void aspect ratio W, the
relative void spacing, c and the mean yield stress
of the matrix material sy) and the normality rule
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for the plastic strain increment. These two yield
surfaces are

�growth �
C
s2

y

�S� � h�hX�2 � 2q(g � 1)(g (2)

� f)cosh��
�h

sy
��(g � 1)2�q2(g � f)2 � 0

and

�coalescence �
�e

sy

�
3
2
|�h|
sy

�F(W,c) � 0 (3)

(see Appendix A for the definition of the para-
meters entering these formulas). The first yield sur-
face �growth is a Gurson-type yield surface derived
by Gologanu–Leblond–Devaux model and
extended to strain-hardening materials in Ref. [30]
(see Appendix A). The yield function �coalescence

has been developed in the spirit of the work by
Thomason, extended to the full coalescence
response and to strain-hardening. The following
uniaxial response has been chosen for this study:

s
s0

�
Ee
s0

when s � s0, (4a)

s
s0

� �1 �
Eep

s0
�n

when s 	 s0. (4b)

Fig. 2 illustrates the competition between the
two modes of plastic deformation. The yield sur-
faces and loading history correspond to a high con-
straint situation (a constant stress triaxiality of 3)
relevant to a material element in front of a crack
tip. The material is characterized by s0 /E �
0.002, n � 0.1, f0 � 0.01, W0 � 1 and l0 � 1.

Fig. 2a corresponds to elastic loading: the stress
state lies within the elastic domain of the two yield
surfaces. As shown in Fig. 2b, the first yield sur-
face to be reached is �growth. In the beginning of
the deformation, the voids are small and the spac-
ing is relatively large resulting in a diffuse plastic
deformation. With increasing deformation �growth

first tends to expand due to hardening and then to
contract due to void growth softening. Void growth
and ligament reduction also induces a contraction
of �coalescence. Fig. 2c corresponds to an overall
strain just before the onset of coalescence and Fig.
2d to an overall strain just after the onset of

coalescence. When the two yield surfaces intersect
at the current loading point, the transition to
coalescence occurs. With increasing deformation,
the coalescence yield surface tends to contract very
rapidly towards the zero stress state. Fig. 2e shows
the two yield surfaces far into the coalescence
stage.

For almost all loading histories of interest,
coalescence when initiated will continue until com-
plete failure. In some instances, when abrupt
changes of loading direction occur, it may happen
that the system returns to a void growth mode of
deformation. This case is not allowed in the current
implementation of the model (see next sub-
section). The unlikely event wherein coalescence
is interrupted with the resumption of diffuse void
growth is not expected for the present work on
mode I cracking. The stresses at a material point
may evolve non-proportionaly, but they will not
undergo abrupt changes in loading direction. Note
that finally, as it stands, the model does not account
for other mechanisms that might intervene to pro-
duce the final rupture of the ligament, such as local
cleavage or localization due to a second population
of smaller voids. This point will also be addressed
in Section 3.

2.2. Plane strain, small scale yielding

The constitutive model described in the previous
section and in Appendix A has been implemented
in the general purpose finite element code
‘ABAQUS Standard’ through a User defined
MATerial subroutine (UMAT) [35] with a fully
implicit integration scheme based on a classical
return mapping algorithm [36]. The set of 10 first
order differential equations involved in the void
growth model are solved using the Newton–Raph-
son algorithm. The Aravas scheme [37] has been
applied for the integration of the coalescence
model permitting a significant reduction in the size
of the system of differential equations to be solved
at each integration station during the return to the
yield surface.

A small scale yielding formulation of the crack
problem has been adopted. As indicated earlier, the
objective is the prediction of the relationship
between fracture toughness and the microstructure
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Fig. 2. Transition from (a) elastic behavior, to (b) and (c) plastic void growth, to (d) and (e) plastic void coalescence in terms of
the variation of the yield surfaces and current loading point as a function of increasing straining. Calculations performed for a constant
stress triaxiality equal to 3.

in metal alloys. An infinite cracked solid is mod-
eled using a semi-circular finite element mesh
whose radius R is 107 times larger than the size of
the representative element size in the fracture pro-
cess region (Fig. 3). A large radius is necessary
to ensure small scale yielding in the calculations
performed on high toughness materials with low
porosity and high strain-hardening such that the
plastic zone size remains smaller than about 1% of
R. Displacement increments corresponding to the
mode I plane strain K-field were prescribed on the
outer boundary while the crack surface is traction

free. A regular mesh with constant element size
suitable for modeling of crack advances was
designed in the region in front of the crack tip. A
finite strain set-up is used. The crack tip is a round
notch of diameter d0. In this paper, results will
presented only for d0 /X0 � 0.1 (i.e. a very sharp
initial crack characteristic of a fatigue precrack.)
To contain the computational time, only a few
rows of elements ahead of the tip were modeled
with damage. The rest were modeled using J2

flow theory.
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Fig. 3. (a) Description of the small scale yielding formulation;
and (b) zoom of the finite element mesh in the near crack tip
region.

2.3. The fracture length scale

As is evident from (1), the void spacing, X0, is
the length scale setting the fracture toughness. The
constitutive law derived from the potentials (2) and
(3) can be regarded either as an average over many
voids or as the relation governing a single void in
a material element. Indeed, the original derivation
of Gurson was based on a single void in a spherical
element. In the latter view, which is adopted here,
the size of the finite elements is directly related to
void spacing in the portion of the mesh that experi-
ences void growth and coalescence, i.e. in the frac-
ture process zone. This is the approach that has
been adopted in most ductile fracture simulations
based on the Gurson model or its derivatives. As
mentioned in the Section 1, a critical step in the
calibration process of such models to experimental
data involves the adjustment of X0. In all cases
here, the elements in the fracture process zone are
taken to be square and of dimension X0. Thus, nor-
malization of the toughness by the only length

scale X0 obviously leads to results that are inde-
pendent of the degree of mesh refinement.

3. Assessment of the model

In a recent work, Tvergaard and Hutchinson [9]
carry out plane strain, small-scale yielding compu-
tations of mode I fracture initiation and tearing in
a J2 elastic–plastic solid containing a single row of
cylindrical voids. Deformation around the voids
was fully resolved using the mesh as shown in Fig.
4. A fracture criterion is postulated for the final
failure of the ligaments between voids, as other-
wise calculations would have to be interrupted
because of severe mesh distortion. All force carried
by a ligament is terminated when its width is
reduced to the reduction factor, R, times the initial
ligament length. Typically, R was chosen as 1/2 or
1/3. The study in Ref. [9] offers an opportunity to
critically assess the model proposed in this paper.
For that purpose, the failure criterion based on the
reduction of ligament length was also implemented
in our model. Identical parameters to those in Ref.
[9] for the flow properties and initial microstruc-
ture have been used: s0 /E � 0.003, n � 0.1,
W0 � 1 and l0 � 1.

Fig. 5 compares the results for R � 1 /2 and 1/3.
The variations of JIc /s0X0 as a function of f0 for
the two models are very similar. The predictions
of the present model are slightly above those of
Ref. [9]. Some discrepancy of course arises from
the approximation inherent in the present approach.
In addition, some discrepancy is also expected
from the fact that the voids in the present model
are 3D and initially spherical, while those in the
more refined simulation are two-dimensional (2D)
and initially circular cylindrical. Under otherwise
similar situations, spherical voids undergo delayed
coalescence relative to cylindrical voids [38]. In
any case, the close correspondence between the
two sets of results lends confidence in the
present model.

The good agreement between the two models
also means that the present model correctly cap-
tures the transition of failure mode described in
Ref. [9]: at sufficiently high porosity, the void near
the tip is influenced by its nearest neighbor, which
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Fig. 4. Finite element 2D small scale yielding simulations of ductile crack growth with discrete voids [9].

Fig. 5. Variation of the fracture toughness as a function of the
initial porosity for different values of the final failure criterion
(different R). Comparison with the results obtained by Tver-
gaard and Hutchinson [9].

experiences almost the same rate of growth. The
interaction among the voids, including voids even
farther from the tip, results in significantly higher
rate of void growth for all of the voids. Coalesc-
ence between several voids and with the crack
starts early, almost simultaneously. This is the mul-
tiple void interaction mechanism. For sufficiently
small void volume fraction, a single void process
prevails, which is essentially the process envi-
sioned by the Rice–Johnson [26] model. The void
near the tip grows with little influence from its
nearest neighbor further from the tip. The increase
of the normalized toughness with decreasing
porosity is more marked in this regime. This is the
void by void growth mechanism. In order to more
quantitatively detect the change of failure mode,

Fig. 6 displays the variation of the size of the frac-
ture process zone at initiation as a function of the
initial porosity. The size of the fracture process
zone is given by the number of elements which are
within the coalescence stage. The transition takes
place between f0 � 10�3 and 10�2, depending on
the value of R chosen for the final failure process.
For materials with significant crack growth resist-
ance, the fracture process zone length increases as
the crack advances with consequence that materials
exhibiting void by void growth at initiation may
transition to the multiple void interaction mech-
anism as growth proceeds. Thus, the transition
from one mechanism to another effectively takes
place at a somewhat lower porosity than Fig. 6
would suggest.

Two sets of results have also been plotted in Fig.
5 for computations performed: (1) a single row of
void elements ahead of the tip; and (2) void

Fig. 6. Variation of the fracture process zone size as a func-
tion of the initial porosity for different values of the final failure
criterion (different R).
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elements throughout the entire material. Otherwise,
the parameters of the two cases are identical. There
is little difference between two sets of results,
although the fully voided material is predicted to
be slightly tougher than that with a single row of
voids. In each case, growth and coalescence is con-
fined to the plane of voids ahead of the tip. In the
fully voided material, voids on both sides of the
fracture plane tend to relax the stresses on the
voids on the fracture plane, thereby delaying their
growth and localization. Note that the difference
between a material containing a single row of voids
and a fully voided material becomes much more
important during crack advance: the model then
predicts tearing moduli that are significantly differ-
ent.

Fig. 5 also shows results for R � 0, i.e. failure
by reducing the ligament width to 0 by ductile
stretching. The effect of R is important, and the
appropriate choice of R is material dependent. For
instance, in most steels, a second population of
smaller voids or shear localization (in case of zig-
zag cracking in some very high strength alloys
[39]) lead to premature ligament failure; then
values of R equal or larger than 1/3 may be
realistic. However, in other materials, such as cop-
per [40] voids grow until final impingement with
the crack. For the remaining of the paper, all
results presented will be computed with R � 0.
The results will thus, provide an upper bound for
the toughness of materials having some degree of
ligament embrittlement. Finally, it is interesting to
note that average stretching strain in the first crack
tip element is between 0.1 and 0.2 at failure, when
R � 1 /2 and between 0.5 and 1 when R � 0.05.
Experimental data on HSLA steels [41], show,
from local strain measurement, strains of about
0.5–0.75 in front of the crack tip at cracking
initiation. More observations of this kind would be
valuable in helping predictive micromechanical
models for ductile fracture.

4. Fracture toughness trends

In addition to initial porosity and void spacing,
that have been discussed before, this section will
explore the effect on toughness of normalized yield

Fig. 7. Effect of the ratio s0/E on the fracture toughness for
different initial porosity.

stress, s0/E, strain-hardening, n, void aspect ratio,
W0, and void spacing distribution as measured by
l0. The section ends with a discussion of the role
of crack growth resistance on the definition of frac-
ture toughness.

4.1. Dependence on flow properties

Fig. 7 shows the effect of the ratio s0/E on
JIc /s0X0 for n � 0.1. As expected from previous
results [9], fracture toughness scales linearly with
s0, but is otherwise essentially independent of
s0/E. Fig. 8 exhibits the effect of the strain-harden-
ing index, n, on the fracture toughness for a
material with s0 /E � 0.003, n � 0.3, W0 � 1,
and l0 � 1. Strain hardening has a major influence
on fracture toughness.

The fact that the fracture toughness is linearly

Fig. 8. Effect of the strain-hardening exponent n on the frac-
ture toughness for different initial porosity.
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proportional to the yield stress (Fig. 7) seems to
contradict much experimental evidences showing
that the toughness (JIc) of a family of alloys usually
decreases with increasing yield stress (s0). Several
points are relevant to this apparent contradiction.

First, in many alloys, an increase of s0 by metal-
lurgical intervention is usually accompanied by a
decrease of the strain-hardening index n that has
the opposite effect on the toughness. For instance,
these countervailing trends occur in precipitation
hardening of aluminum alloys, where the precipi-
tate do not, in general, take part to the failure pro-
cess. An example can be found in a recent study
by Dumont et al. [42,43] on the fracture toughness
of 7000 Al alloys: an under-aged Al7040 charac-
terized by s0 � 385MPa, n�0.2 is compared to the
over-aged alloy characterized by s0 � 460MPa
n�0.1 Both materials primarily fail by a ductile
void growth mechanism (which is not true for the
peak-aged alloy showing intergranular fracture).
The initial void volume fraction is identified with
the volume fraction of intermetallic particles f0 �
5 × 10�3 (intermetallic particles are not affected by
ageing treatment). The ratio of the two fracture
toughnesses was measured as
Jover-aged

c /Junder-aged
c �0.55, in good agreement with

the ratio that can be extracted from Fig. 8: for
f0 � 5 × 10�3 and n � 0.1, JIc /s0X0 � 1.72 and
for f0 � 5 × 10�3 and n � 0.2, JIc /s0X0 � 3.3;
thus, the model predicts a ratio
Jover-aged

c /Junder-aged
c � 172sover-aged

0 /3.3sunder-aged
0 �

0.62, assuming that the damage sites have not
been affected by the ageing (i.e. X0 is constant).

Secondly, the present model does not incorpor-
ate a void or microcrack nucleation criterion. In
many instances, an increasing yield strength will
affect the nucleation stage by raising the stress on
the second phase particles or grain-boundaries. A
larger yield stress may also favor nucleation on
smaller particles or on a second population of par-
ticles at an earlier stage of the deformation.

However, if all other parameters, including
strain-hardening, can be kept constant, higher yield
stress directly implies higher fracture toughness. A
good illustrative example is given by the decrease
with increasing temperature of the fracture tough-
ness of ferritic steel in the upper shelf region. For

the typical temperature range covered when meas-
uring a ductile–brittle fracture transition curve, no
modification of microstructure or hardening is
expected. The only effect is a decrease of yield
stress with increasing temperature.

4.2. Dependence on void aspect ratio

Fig. 9 presents the variation of JIc /s0X0 as a
function of f0 for different initial void shapes rang-
ing from W0 � 1 /10 (highly oblate) to W0 � 10
(highly prolate), for s0 /E � 0.001, n � 0.1, and
l0 � 1. The effect of the initial void shape is in
accord with intuition. At a given porosity, prolate
voids have a smaller area fraction projected onto
the fracture plane than spheres and conversely for
oblate shapes. Thus, prolate shapes increase
JIc /s0X0 while oblate shapes reduce it relative to
spherical voids at the same volume fraction. Pro-
lateness tends to delay void coalescence by affect-
ing the constraint in the ligament between the
voids. Moreover, prolate voids imply a larger void
spacing for a given porosity. The right end of each
curve for the prolate voids in Fig. 9 corresponds
to the limit porosity at which the void touches the
upper and lower boundaries of the cell. For oblate
voids, the limiting porosity where JIc /s0X0 � 0
corresponds to contact of the void with the lateral
sides of the cell, reducing the strength of the
material to 0 in the direction perpendicular to the
fracture plane. These two limiting porosity values
are readily found to be:

Fig. 9. Effect of the initial void shape on the fracture tough-
ness for different initial porosity.
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(f0)prolate �
2
3
l2

0

W2
0

and (f0)oblate �
2
3

W0

l0
. (5)

The results of Fig. 9 can be used to guide under-
standing of, as well as to predict the variation of,
the fracture toughness as a function of the loading
direction for rolled plates with preferential orien-
tation of the second phase. An application to a
material with anisotropic fracture toughness is dis-
cussed in Section 5. Clearly, void shape has a sig-
nificant effect on fracture toughness. It is one of
the main reasons for fracture anisotropy in duc-
tile failure.

4.3. Dependence on relative void spacing

Fig. 10 shows sketches of the crack tip region
in two specimens, made of a material with spheri-
cal voids that are distributed non-uniformly in the
sense that the spacing in one direction is different
from that in the other. One can imagine these two
specimens to have been machined from the same
material with their crack planes oriented at 90° to
one another. Specifically, a representative cell in
the process zone of Specimen A has XA

0 � aZA
0

with lA
0 � ZA

0 /XA
0 � 1 /a, while Specimen B

(XB
0 � ZA

0 ,ZB
0 � XA

0 ) has ZB
0 � aXB

0 with lB
0 � a. A

Fig. 10. Two different crack plane orientations in a material
exhibiting initially anisotropic void spacing.

similar distribution of weakly bonded inclusions
(typically with a lower than 2) is not uncommon
in industrial alloys as a result of the forming pro-
cess. The question to be addressed in this section
is: What is the difference in fracture toughness of
the two specimens resulting from this anisotropic
void distribution?

As the initial porosity is the same in both Speci-
mens A and B, the results of the last sections could
be applied if it were assumed that a change in the
anisotropy of void spacing, l0 � Z0 /X0, does not,
to the first order, affect JIc /s0X0. Then, the differ-
ence in the two specimens is fully accounted for
by the fact that XA

0 � aXB
0 , from which it follows

that Specimen A is tougher than Specimen B by
the factor JA

Ic /JB
Ic � a. However, l0 does influence

JIc /s0X0 as can be seen in Fig. 11 where the com-
puted result is compared with the ‘ simplistic’ esti-
mate JA

Ic /JB
Ic � a. It is important to note that the

void growth model (Appendix A) does not incor-
porate any effect of void spacing anisotropy, l, in
accord with void cell computations which showed
very little effect of l as long as it lies in the range
1/2 to 2. Therefore, the effect of l on JIc /s0X0 is
due to the effect of the void spacing anisotropy on
the coalescence mechanism. Another reason for the
marked effect at high porosity comes from the
definition of the void spacing X0 as the distance
from void center to void center. At some point,

Fig. 11. Effect of the anisotropic void spacing on the ratio of
toughness corresponding to two crack planes oriented at 90° to
one another.
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voids will touch each other in Specimen B for
increasing porosity leading to zero toughness.

When the voids are non-spherical, void shape
and void spacing effects are coupled. Two cases
can be noted:

� Case 1. The forming process usually elongates
the second phases and increases the spacing in
the same direction. Thus, Specimen B with
lB

0 	 1 would be expected to have voids with
an initial prolate shape with respect to the load-
ing direction. While Specimen A would have
voids whose initial shape in the crack plane
would be elliptical with greater cross-sectional
area than the sphere with the same volume.
Therefore, compared to the predictions based on
initially spherical voids, Specimen B would
have higher toughness and Specimen A would
have lower toughness. The toughness ratio,
JA

Ic /JB
Ic � a. could be either greater or smaller

than unity depending on the tradeoff between
the roles of spacing and initial void shape.

� Case 2. Specimen B with lB
0 	 1 and with

oblate void shapes relative to the loading direc-
tion. In this case, both the spacing and the
initial void shape conspire to reduce the tough-
ness for Specimen B relative to that of Speci-
men A.

Due to the complicated coupling between void
aspect ratio and spacing effects, it is difficult to
give general trends. Calculations based on an
enhanced void growth model are essential. These
combined effects probably explain why various
degrees of fracture toughness anisotropy are
observed in industrial alloys. To make meaningful
predictions for a given material, it is essential to
perform an in depth characterization of its micro-
structure. The purpose of Section 5 is to illustrate
this point as well as to assess the present analysis
for a specific set of experimental data.

4.4. Physical versus engineering fracture
toughness

The engineering measurement of JIc adopts the
convention that initiation is associated with typi-
cally 0.2 mm of crack growth, corresponding to

multiple void spacings for materials with closely
spaced voids. The distinction between the ‘fi rst
coalescence’ estimate of initiation toughness
invoked in the present paper and JIc defined on the
basis of 0.2 mm crack advance is illustrated in Fig.
12 in the case of two materials characterized by
two different initial porosity, f0 � 10�3 and f0 �
10�4. For a material exhibiting a void spacing of

about 0.2 mm, the engineering and physical tough-
ness will not be much different as, on average, the
initiation will involve a void located at 0.2 mm
from the crack tip. However, if the void spacing is
much smaller, for instance 0.02 mm as shown on
Fig. 12, then the discrepancy between the physical
initiation and engineering definition will be
important, especially for low initial porosity. The
difference between the two definitions is usually
not an issue for structural integrity assessment
since that is based on a full R-curve analysis, not
just crack initiation. However, the difference can
be important when comparing the toughness of dif-
ferent materials. The difference between the two
definitions helps explaining results in the literature
where the engineering fracture toughness appears
abnormally large relative to what would be
expected from (1) for materials with small void
spacing X0. For instance, in a remarkable set of
experiments on the fracture toughness of high
strength steels, Garrison and coworkers [44,45]
report several examples of inclusion spacings

Fig. 12. Crack extension curves of two materials characterized
by two different initial porosity f0 � 10�3 and f0 � 10�4. Effect
of the initial void spacing on the engineering fracture toughness.
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between 1 and 10 µm (s0 /E�0.001 and
f0�10�4). Based on an engineering criterion,
these materials exhibit critical crack tip opening
displacements that range from 1 to 2 orders of
magnitude larger than expected on the basis of
the first coalescence criterion in Fig. 5 (i.e.
JIc /s0X0 � 10 to 100). The distinction between
the two criteria highlights the arbitrariness of the
concept of initiation toughness and importance of
the R-curve, especially for very tough materials
with high tearing resistance combined with small
void spacings.

5. Application to the fracture toughness
anisotropy of steel

The results described in Section 4 can be used
to analyze the anisotropy in fracture toughness
observed in materials with a preferred orientation
of non-spherical second phases as well as second
phase distributions with unequal spacings. As dis-
cussed in the last section, void shape and void dis-
tribution effects tend to be coupled in a way that
depends significantly on the porosity. Well-defined
toughness experiments can only be assessed by the
model when reasonably detailed microstructural
information is available. Some experimental inves-
tigations that report the necessary microstructural
information are available in the literature, e.g.
Refs. [10,11,21,27,33,40,46–54], but they are rela-
tively scarce.

Bauvineau [33] conducted an investigation of
the ductile fracture of rolled C–Mn steel, measur-
ing the following fracture toughness for the direc-
tions ‘SL’ and ‘TL’ : JSL

Ic �50kJ /m2 and
JTL

Ic �100kJ /m2 using the JR curve method based
on 0.2 mm of crack growth. Here, L is the longi-
tudinal direction, T is the transverse direction and
S is the short transverse direction. SL means that
the crack is in a plane orthogonal to the S direction
and propagates in the L direction, while TL means
that the crack is in a plane orthogonal to the T
direction, propagating in the L direction.

Bauvineau also performed a detailed metallo-
graphic analysis of the inclusion population, which
was primarily MnS inclusions. The second phase
volume fraction was found equal to 0.0025. This

volume fraction can be considered as the initial
void volume fraction, f0, because void nucleation
at the particles occurs readily. The inclusions are
flat and elongated, presenting a preferential orien-
tation due to the rolling process and display an
ellipsoidal shape with mean diameters equal to 28,
15, and 3 µm in the L, T and S directions, respect-
ively. For the purpose of applying our axisym-
metric model to this material, the voids must be
approximated by spheroids, i.e. ellipsoids with a
circular projection in the equatorial plane. The
effective diameter in the equatorial plane is chosen
such that it gives the same projected area. The
effective representative cell for the material
strained in the S direction contains an oblate sphe-
roid with effective diameters in the L and T direc-
tions 2R0 � 2.5µm and 2Rz0 � 3µm respectively,
i.e. W0�1/7. The representative cell for the TL
tests is a more crude approximation of reality. The
voids are approximated by prolate spheroid with
an effective diameter 2R0 � 9.2µm while 2Rz0 �
15µm, i.e. W0�3/2. To fully characterize the void

cells, one needs a value for the void spacing in the
L direction and a value for l0. In both SL and TL
tests, the crack propagates in the L direction. Bau-
vineau has provided detailed measurements of the
inclusion distribution using Voronoi cells and
Delaunay triangulation methods. The mean void
spacing between nearest neighbors in the L direc-
tion is equal to about 100 µm. (It is not obvious
that the mean spacing is the most pertinent void
spacing measure for present purposes; the average
distance between nearest neighbors is another
possibility.) The distance in the two other direc-
tions T and S are smaller than 100 µm and not the
same [53]. As it is difficult to have a reliable esti-
mate of these two values, we have chosen, for sim-
plicity to take l0�1. This last assumption is
reasonable in this case because the crack propa-
gates in the L direction for both specimens and the
respective spacings perpendicular to the plane of
the crack are not very different.

The uniaxial flow properties are given by s0 �
290MPa and n � 0.25. Plastic anisotropy is not

significant. Table 1 summarizes the parameters
characterizing the material when loaded in the SL
and TL orientation and the predicted toughness. The
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Table 1
Microstructural parameters

Direction f0 W0 X0 l0 JIc JIc

(µm) exper. model
(kJ/m2) (kJ/m2)

SL 0.0025 3/22 � 100 1 50 66
0.13

TL 0.0025 15/9 � 100 1 100 145
1.7

f0 is the initial porosity, W0 the initial void shape, X0 is the void
spacing and l0 is the initial void distribution parameter), meas-
ured and predicted fracture toughness for a C-Mn steel in the
SL and TL directions. The steel is also characterized by s0 �
290MPa and n � 0.25 with negligible plastic anisotropy.

difference in toughness between the two directions
of propagation is well captured, and predicted and
experimental are in reasonable agreement given the
uncertainty in identifying the void spacing.

6. Conclusions

Small scale yielding finite element simulations
of 2D crack growth in ductile materials represented
by an enhanced void growth and coalescence
model have been performed to elucidate the
relation between fracture toughness, microstructure
and flow properties. The main findings of the
paper are:

� A distinct transition from a multiple void
coalescence mechanism of crack growth to a
void by void mechanism depending on initial
porosity is confirmed [9].

� Proper modeling of void coalescence and
accounting for the final rupture of the intervoid
ligament is necessary to correctly capture the
effect of microstructure changes on the fracture
toughness. More experimental and theoretical
work is required to better account for damage
phenomena leading to final ligament fracture,
such as the growth of a second population of
voids [55] or microcleavage.

� The fracture toughness (normalized by the yield
stress and void spacing) significantly decreases
with decreasing hardening exponent. At least in

some circumstances, this effect can explain why
materials show lower toughness when their
yield stress is elevated. If the strain-hardening
remained unaltered, the toughness should
increase. However, an increase in yield stress is
frequently accompanied by a decrease in hard-
ening, such that the net effect is a lowering of
toughness.

� Void shape effects can justify the change of the
fracture toughness with the orientation of load-
ing axis and crack plane without invoking any
plastic flow anisotropy.

� An anisotropic distribution of voids also sig-
nificantly affects fracture toughness. This effect
has received relatively little attention.

� The arbitrariness of the concept of initiation
toughness and the importance of the R-curve,
especially for very tough materials with high
tearing resistance and small particle spacings
has been highlighted. A single measure of frac-
ture toughness for materials having low void
spacing and exhibiting high tearing resistance is
not likely to provide good index for comparing
different materials.

Although the model used in the present paper is
quite sophisticated, nevertheless, it does not rest on
a truly realistic description of the microstructure of
industrial metal alloys. Such alloys usually
involve: (i) inhomogeneous void distribution
(second phase clustering); (ii) a second population
of voids; (iii) microscale gradients of properties
(e.g. different phases, grain boundaries); (iv) com-
petition with other failure modes [56]. Void
nucleation may also significantly impact the trends
described in this report, although it has been shown
that the resistance to void nucleation should be
high in order to affect the fracture toughness
[14,15]. Considering all these complexities, it is
reasonable to expect that the fracture toughness
will continue to remain a phenomenological para-
meter to be determined experimentally. Trends
such as those presented here serve mainly as a
guide to ways in which fracture toughness can be
improved via alterations in microstructure.
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Appendix A. Enhanced model for void growth
and coalescence

Void growth

The void growth model is an extension of the
Gurson [29] model proposed by Gologanu et al.
[31], which has been modified to account for
strain-hardening [30]. It is a full constitutive model
for a porous elastoplastic material containing axi-
symmetric spheroidal voids. The parameters
characterizing a representative volume element are
defined on Fig. 1. The model, extended for strain-
hardening, contains nine state variables: the
components of the mesoscopic stress tensor, �ij,
the porosity, f, the void aspect ratio, S, and an aver-
age yield stress for the matrix material, sy. The
void aspect ratio is defined by S � ln(W) where
W � Rz /Rx. The equations of the model are

�growth �
C
s2

y
||�� � h�hX||2 � 2q(g

� 1)(g � f)cosh��
�h

sy
��(g � 1)2�q2(g (A1)

� f)2 � 0,

ḟ � (1�f)Ėp
kk, (A2)

Ṡ �
3
2
(1 � h1)Xzi�Ėp

ij�
Ėp

kk

3
dij�Xzj � h2Ėp

kk, (A3)

syėpy(1�f) � �ijĖp
ij, (A4)

Ėp
ij � g

∂�

∂�ij

(A5)

where � is the flow potential, || is the von Mises
norm, �� is the deviatoric stress tensor, �h is the
generalized hydrostatic stress defined by �h �
a2(�x � �y) � (1�a2)�z, X is a tensor defined

by 2/3ez�ez � 1 /3ex�ex � 1 /3ey�ey((ex, ey, ez)
is an orthogonal basis with ez parallel to the cavity
axis), Ep is the plastic strain tensor; (A2) and (A3)
are the evolution laws for f and S, respectively;
(A4) is the Gurson [29] energy balance for the
plastic work and allows computation of sy once
the stress–strain curve for the matrix material is
given; (A5) is the normality rule. The parameter g
is tied to the oblateness of the void and taken to
be 0 for prolate and spherical voids. From their
analysis, Gologanu et al. [31] derived analytical
relationships for C, h, g, �, h1, a2 which can be
expressed exclusively in terms of the state vari-
ables S and f, except for h1 which also depends
on the stress triaxiality. The heuristic parameter q
depends on n, f0, and S in order to obtain accurate
predictions towards void cells calculations (see
[30] for the details about the expression of the
dummy variables).

Void coalescence

The coalescence model, which derives from
Thomason’s criterion for the onset of coalescence
[32], directly addresses the mechanism of tensile
plastic localization in the intervoid ligaments. In
Ref. [30], the criterion of Thomason has been
extended to the complete coalescence process and
also to strain-hardening materials. In order to cou-
ple the coalescence model with the void growth
model (A1)–(A5), a new state variable related to
the void distribution, c � Lx /Rx has been intro-
duced. The coalescence model was elaborated
based on the observation that void coalescence cor-
responds to a localization of plasticity in the void
ligament and a transition to a uniaxial mode of
loading. Evolution law for the geometrical vari-
ables (W, f and c) as well as for the axial stress
and yield stress have been given based on the
approximation that the voids remain ellipsoidal.
For the sake of implementing the model in a finite
element setting, we found more adequate to rewrite
the coalescence model within the framework of a
classical plasticity model assuming a normality
rule [34]. The void coalescence model writes:

�coalescence �
�e

sy

�
3
2

|�h|
sy

�F(W,c) � 0 (A6)
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where

F(W,c) �
3
2
(1�c2)�a�1�c

cW2�2

� b�1
c�, (A7)

Ẇ �
3W(2c2�1)

4f
Ėp

e, (A8)

ċ �
c(3�2c2)

4f
Ėp

e, (A9)

ḟ � (1�f)Ėp
kk, (A10)

ṡy �
∂sy

∂epy
c2

f
Ėp

e, (A11)

Ėp
ij � g

∂�

∂�ij

. (A12)

The parameter a is given by the fit (for 0
n

0.3) a � 0.1 � 0.217n � 4.83n2, while b can be
considered as constant and equal to 1.24.
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